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A B S T R A C T

This study considers deployable structures and presents a novel optimization method that aims
to improve the stiffness at the fully deployed state. The considered structures consist of curved
beams that deploy through buckling when rotated. The optimization aims to maximize the
structural tangent stiffness by modifying the shape of the beam elements. To accurately predict
the deformation, Finite Element Method (FEM) simulations were conducted. A design with
an increase of up to 19.6% in structural tangent stiffness was achieved, while conserving the
structural volume. The approach is validated by manufacturing the deployable structures using
laser cutting and performing compression tests. Experimental results show consistency within
a 5% range with the optimization results. These findings support the implementation of the
optimization scheme for achieving optimum structural designs of deployable structures.

. Introduction

Deployable structures have the ability to transform from compact configurations to expanded states [1] which make them
opular in various engineering fields as solutions for efficient space utilization [2]. Studies have been conducted to utilize
eployable structures for human lunar base [3], in-space assembled modular space telescope [4], space antennas [5], parabolic
olid reflector [6], solar powered arrays [7,8], solar sails [9], and sun shields [10]. Deployable structures have also been recognized
n the medical fields, such as deployable stents for human blood vessels [11,12], deployable meta-implants [13], and origami-
nspired forceps in medical catheters [14]. In civil engineering, deployable structures realized origami-based shelters [15–17] and
eployable bridges [18–20] to meet the needs of quick construction and convenient transportation. Deployable structures have
lso been applied to multi-functional robots for realization of self-folded origami exoskeletons [21], deformable wheels [22], and
econfigurable modular bodies [23].

Studies have also been done on the mechanisms of deployable structures, where investigation on multi-furcation behaviors
24–26] and stable state at each behavior [27] have been done numerically. Recent study in manufacturing smart furniture has
emonstrated the potential of inducing deployment along a desired furcation path by tuning the characteristics of the buckling
ode, showing the potential of deployable structures [28]. Our study aims to push this research further by maximizing the structural

angent stiffness. Since deployable structures have varying stiffness at different deployment stages [29], it is important to target
he appropriate deployment phases. Following studies have considered the tangent stiffness to analyze structural mobility when
ubjected to external loads [30] and tune natural frequencies of deployable antenna structures [31]. Maximizing the tangent
tructural stiffness for nonlinear cases has been conducted in [32]. Thus, tangent stiffness maximization at the fully deployed state
s considered in the study.
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In the present study, structures composed of curved beams that deploy through buckling when subjected to rotational input
re considered. The beam shape is parameterized using trigonometric functions and the objective is to design stiff structures when
eployed. Since the deployed structure has passed a critical point and is subject to large deformation, the frequently used end-
ompliance cannot be used. Instead the objective is to maximize the tangent stiffness in the fully deployed state under a volume
onstraint. The structural problem is solved using FEM with shell elements in ABAQUS, whereas the optimization is solved using
radient-based optimization in MATLAB. A linear buckling analysis is used to identify the buckling modes that trigger the structural
eployment. The nonlinear analysis that models the post-buckling deployment is solved using the Riks method. The design updates
n gradient-based optimization requires sensitivity analysis. Since a commercial FEM software is used, the sensitivity analysis makes
se of a perturbation technique to calculate the derivatives. As the number of design variables is limited this approach poses no
hallenges. The optimization was performed for an increasing number of design variables. The optimal designs were manufactured
sing laser cutting and compression experiments were conducted using an in-house test setup to validate the optimization results.
he experimental verification shows that the proposed optimization is able to significantly improve the stiffness without increasing
he volume of the structure.

The remainder of this paper is organized as follows. Section 2 provides background to the deployment mechanism and presents
he numerical analysis method. Section 3 details the optimization formulation and presents the optimization results. Section 4
escribes the experimental methods and validation of the optimization scheme. Conclusions and future topics are discussed in
ection 5.

. Deployment mechanism

.1. Initial design

The deployable structure consists of six curved elastic beams with constant in-plane curvatures as shown in Fig. 1(a). To be
ompatible with the fabrication and experimental setup, centimeter-scale is considered. Each beam has an initial opening angle 𝜃

of 90◦ and an inner radius of 60 mm. The beams have a rectangular cross-section with width of 5.0 mm and a thickness of 1.0 mm.
The ends of the beams move along a circular guide path with a radius of 75 mm with the center offset 25 mm. The schematic of
a single circular beam is presented in Fig. 1(b). To deploy the beam, one end is fixed in its initial position, while the other end is
displaced along the circular guide path. This displacement is applied in a direction that separates the two ends of the beams, such
that the opening angle increases from 90◦ to 𝜃>90◦. When the opening angle reaches a critical value 90◦+𝛥𝜃𝑐𝑟, the elastic beams
start to buckle such that a 3D configuration is generated.

The structure is realized by overlapping two parts that are manufactured using a Legend 36EXT Epilog laser cutting machine
from polyethylene terephthalate glycol (PETG) plastic sheets with a thickness of 1.0 mm. The parts that serve as the bottom layers
(red) are flipped and rotated by 90◦, before merging with the parts that serve as the top layers (light blue). The two layers overlap

mm at the ends of the half-length curved beams. Each pair of half-length curved beams are bonded at this overlapping region
sing Loctite 495 super glue to form six full-length beams. The illustration of this assembly process is shown in Fig. 1(c). It can be
bserved that one end of each beam is connected to the top layer and the other end to the bottom layer. This allows the structure
o deploy when the bottom layer is rotated 𝛥𝜃 relative to the top layer. The transformation from the initial 2D configuration to a
eployed 3D geometry are shown in Fig. 1(d), as a result of the rotational input 𝛥𝜃 by 90◦ counter-clockwise to the top layer. The
otation generated an average out-of-plane displacement of 65.8 mm. The structure can be realized as a deployable table, compact for
ransportation and storage, requiring simple assembly, and easily expanded by applying rotational input. The experimental snapshot
s shown in Fig. 1(e), where the deployed beams act as the table legs, see also [28].

.2. Numerical analysis

To perform shape optimization and obtain the global stiffness matrix of the deployable structure, the mechanical boundary
alue problem is solved using the FEM. ABAQUS 2021/Standard was used to solve the linearized buckling problem and analyze
he post-buckling behavior of a single elastic beam. The linearized buckling analysis was performed to predict 𝛥𝜃𝑐𝑟 and the first
uckling mode. The structure was discretized using S4R four-node shell elements, and the material was modeled with a Young’s
odulus of 2.0 GPa and a Poisson’s ratio of 0.4. One end of the beam was clamped while the other end was subject to a prescribed

otational displacement using a kinematic coupling constraint to the reference center point, 𝑃 . To validate the linear buckling
nalysis, simulations with varying numbers of elements were conducted. The number of elements in the width direction was fixed
o three. The results, as shown in Fig. 2(a), demonstrate that 𝛥𝜃𝑐𝑟 converges for 200 elements. Based on these findings, the beam
tructure was modeled with 288 elements and 388 nodes in the subsequent post-buckling analysis and optimization procedures.

After the initial buckling analysis, a nonlinear static analysis was conducted to investigate post-buckling behavior. The first
uckling mode was injected in the mesh to cause a small imperfection which triggered the first buckling mode. The infinity norm
f the displacement imperfection is 1.0 mm. A 90◦ rotational input was applied to the unclamped end of the beam to investigate
he deployment behavior. Snapshots of the deformation are presented in Fig. 2(b). The application of rotational input 𝛥𝜃 by 90◦

enerated an out-of-plane displacement of 65.2 mm, which is very close to the actual average out-of-plane displacement of 65.8 mm,
emonstrating the accuracy of the FEM analyses. The global stiffness matrix of the structure was obtained following the completion
f the nonlinear static analysis, during which no further finite displacements occurred.
2
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Fig. 1. Buckling-based deployable structure: (a) Schematics of deployable structure, (b) schematics of a single curved beam, (c) illustration of the assembly
process, (d) snapshots of structure at rotational inputs of 0◦ and 90◦, and (e) example application of structure being used as a table.

Fig. 2. (a) Changes in critical rotation angles with different number of finite elements in linearized buckling analysis and (b) changes in deployment geometry
with increasing opening angles in nonlinear static analysis.

3. Shape optimization

3.1. Optimization formulation

The beam element shape is parameterized using trigonometric functions so that the parametrization is guaranteed to be smooth.
The inner and outer beam edges were parameterized using

𝑅𝑖 = (0.060 +
𝑛
∑

𝑖=1
𝑎𝑖sin {(𝑖 − 1)𝜑}) m

𝑅𝑜 = (0.065 +
𝑛
∑

𝑖=1
𝑏𝑖sin {(𝑖 − 1)𝜑}) m

(1)

where 𝑅𝑖 and 𝑅𝑜 denote the undeformed radii of the inner and outer edges of the curved beam element along the polar angle 𝜑.
The 𝑖 = 1,… , 𝑛 design variables for inner and outer edges are denoted 𝑎𝑖 and 𝑏𝑖, respectively. Based on the shape parametrization,
the optimization problem was stated as finding the design 𝐳=[𝑎1, 𝑎2,… , 𝑎𝑛, 𝑏1, 𝑏2,… , 𝑏𝑛] that solves

Minimize 𝑔0(𝐳)
| |

(2)
3

Subject to 𝑔1(𝐳) < 0,
|

𝑧𝑖| ≤ 𝛥
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Fig. 3. (a) Position of node 1149, (b) definition of the load pattern vector 𝐏, and (c) relation between increase in opening angle 𝛥𝜃 and cost function 𝑔0.

where 𝑔0 and 𝑔1 are the cost function to be minimized and the constraint function, respectively. The elements comprising 𝑎𝑖 and 𝑏𝑖
in the design variable vector 𝐳 are denoted as 𝑧𝑖. In the numerical examples 𝛥=1 mm.

To define the tangent stiffness quantified in 𝑔0, we consider the residual equilibrium equation,

𝐑(𝐚(𝜆), 𝜆) = 𝐅𝑖𝑛𝑡 − 𝐅𝑒𝑥𝑡 = 𝐅𝑖𝑛𝑡 − 𝜆𝐏 = 𝟎 (3)

where 𝐚, 𝜆, 𝐅𝑖𝑛𝑡, 𝐅𝑒𝑥𝑡, and 𝐏 are the nodal displacement vector, load intensity, internal force vector, external force vector, and unit
constant load pattern vector, respectively. The load pattern vector 𝐏 is defined, as depicted in Figs. 3(a) and (b), on a single node
located at the center of the outer edge in the deployment direction. Linearizing Eq. (3) with respect to 𝜆 yields

𝜕𝐑
𝜕𝐚

𝐚′ + 𝜕𝐑
𝜕𝜆

= 𝐊𝐚′ − 𝐏 = 𝟎 (4)

where 𝐚′= 𝜕𝐚
𝜕𝜆 and 𝐊= 𝜕𝐑

𝜕𝐚 is the tangent stiffness matrix. Thus maximizing the tangent stiffness at the load intensity 𝜆 in the direction
of 𝐏 is equivalent to minimizing 𝐏T𝐚′ [32]. Hence, the cost function which is to be minimized is defined as

𝑔0 = 𝐏T𝐚′ = 𝐏T𝐊−1𝐏 (5)

The structural volume is constrained in the optimization, i.e.

𝑔1 =
𝑉𝑜𝑝𝑡(𝐳)
𝑉𝑖𝑛𝑖

− 1 ≤ 0 (6)

where 𝑉𝑜𝑝𝑡 and 𝑉𝑖𝑛𝑖 are the volumes of optimized structure and initial structure, respectively. Note that 𝑉𝑜𝑝𝑡(𝟎)=𝑉𝑖𝑛𝑖. The sensitivity
of the cost function is

𝜕𝑔0
𝜕𝐳

= 𝐏T 𝜕𝐊−1

𝜕𝐳
𝐏 (7)

where the derivative 𝜕𝐊−1

𝜕𝐳 was computed numerically by perturbation.
Before optimizing the structure, we analyze the tangent stiffness for increase opening angles. Tangent stiffness increases until

𝛥𝜃=11◦ is reached, after which it continues decreasing and becomes 𝑔0=1.83 mm/N when 𝛥𝜃=90◦, as shown in Fig. 3(c). The
optimization aims to minimize 𝑔0 at 𝛥𝜃=90◦, hence maximizing the tangent stiffness of the deployable structure at its fully deployed
state.

3.2. Optimization results

We start by performing optimizations for different number of design variables to explore the relationship between design space
size and the optimized tangent stiffness, 𝑔0. The 2𝑛 design variables correspond to 𝑛 on the inner and 𝑛 on the outer edges. The
optimization process was performed using the gradient-based fmincon MATLAB built-in function. A case with 4 design variables was
analyzed using fmincon and the MATLAB genetic algorithm (GA) optimizer to compare computational time and results. Optimization
was carried out with the design variable perturbation 0.005 mm. The 𝑔0 value was reduced to 1.66 mm/N for both methods.
However, notable differences were observed in computational time, with the gradient-based optimizer requiring 68 function calls
and GA requiring 868 function calls to converge to the optimized design. Considering its efficiency, the gradient-based optimizer
was selected for the subsequent optimizations. The sensitivity results for the design variables are presented in Table 1 for reference.

For the representative cases using 4 (design 1), 10 (design 2), and 30 (design 3) design variables, the optimization reduced
the 𝑔0 value to 1.66 mm/N, 1.50 mm/N, and 1.47 mm/N, respectively. The results are presented in Fig. 4(a), where 𝑔0 decreases
monotonically as the number of design variables is increased. The 30 design variable case showed the greatest stiffness increase, with
a 𝑔0 decrease of 19.6% compared to the uniform width design. It is noteworthy that only minor improvements are obtained if more
than 20 design variables are included. To evaluate design symmetry, two additional optimizations were conducted by exclusively
incorporating symmetric modes. These cases employed 10 (design 4) and 20 (design 5) design variables. Their resulting 𝑔0 values
are presented in Fig. 4(a), where it can be seen that the symmetric designs exhibit minor reduction compared to the asymmetric
4
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Table 1
Sensitivity analysis of design variables with perturbation values of 0.005 mm.

Design variable 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7 𝑎8 𝑎9 𝑎10
Sensitivity (mm/N) −0.14390 0.00305 −0.00104 0.00262 −0.14885 0.00106 −0.00042 0.00091 −0.00017 −0.00058

Design variable 𝑎11 𝑎12 𝑎13 𝑎14 𝑎15 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5
Sensitivity (mm/N) −0.00008 −0.00003 0.00000 0.00005 −0.14909 −0.00485 −0.15130 −0.14856 −0.00309 −0.00030

Design variable 𝑏6 𝑏7 𝑏8 𝑏9 𝑏10 𝑏11 𝑏12 𝑏13 𝑏14 𝑏15
Sensitivity (mm/N) −0.14992 −0.14895 −0.00139 −0.14913 0.00110 0.00003 −0.00049 0.00000 0.00042 −0.00013

Fig. 4. (a) Relationship between number of design variables and tangent stiffness values (𝑔0 = 0.3749𝑒−0.1874𝑛 + 1.4572) and (b) changes in edge designs for
different cases of shape optimization.

designs for cases using 10 and 20 design variables, respectively. The changes in edge designs for different cases are shown in
Fig. 4(b). Initially, the radii values of the inner and outer edges were 0.060 m and 0.065 m, respectively. Fig. 5(a) illustrates the
geometry changes resulting from optimization. A comparison between the initial and optimized design 3 clearly shows the geometric
modification.

4. Experimental validation

To experimentally validate the optimized designs, three designs were manufactured and tested: symmetric design 1 and the
geometrically challenging asymmetric designs 2 and 3. The structures were fabricated using the manufacturing process detailed in
section 2.1. The two fabricated structures shown in Figs. 5(b) and (c) correspond to the initial design and optimized design 3. Both
structures consist of six curved beams, with one end of each beam connected to the top layer and the other end connected to the
bottom layer so that the structures deploy when the bottom layer is rotated relative to the top layer.

The fabricated structures’ tangent stiffness were tested using the in-house developed compression test set-up shown in Fig. 6. An
EZ-S Shimadzu Tester was used to apply load using an attached metallic plate, which moved vertically downwards at a constant
speed of 5 mm/min. The load–displacement response was monitored using a Labview based control software. To ensure constrained
boundary conditions for the circular edge of the structure, a polycarbonate ring structure was manufactured and placed over the
deployable structure, and both structures were fixed to the bottom plate of the tester using eight bolts. Since the optimization was
carried out for a single beam structure, the compression test was conducted on single beams for experimental validation. Bonding
of half-length curved beams was done for each pair at a time before each experimental trial to ensure that only one of the beam
structures deploys into a 3D geometry while the rest remain flat in their 2D configurations. Six trials were conducted for each design.

The compression test results are presented in Fig. 7. Each design was evaluated by averaging the results of six trials. The load–
displacement graph shows that the results align with the finite element simulation and that increasing number of design variables
leads to better performing structures, i.e. a higher tangent stiffness. The design 3 which used 30 design variables showed the
greatest stiffness. To validate the FEM analyses, the tangent response at the deployed state of each design shown in Fig. 7(b) was
evaluated. The incremental displacement for a small load perturbation of 0.1 N were experimentally determined. The initial design
was displaced 0.178 mm due to the load perturbation. The optimized designs 1, 2, and 3 were displaced 0.162 mm, 0.154 mm,
and 0.140 mm, respectively. Thus, the resulting experimental tangent stiffness is 1.78 mm/N (non-optimized design), 1.62 mm/N
(design 1), 1.54 mm/N (design 2), and 1.40 mm/N (design 3). When compared with the FEM-based results presented in Section 3,
the differences were found to be 2.3%, 2.5%, 2.8%, and 4.9%, respectively. The experimental results showed consistency with the
FEM-based results within a 5% range for all four designs. These findings support the proposed shape optimization method as a
means of maximizing tangent stiffness of deployable structures.
5
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Fig. 5. (a) Comparison between the curved beam geometries of initial design and optimized design 3, (b) assembled structure with initial design before
optimization, and (c) assembled structure with optimized design 3.

Fig. 6. Compression test equipment setup: (a) EZ-S Shimadzu Tester, (b) polycarbonate ring to realize constrained edges and (c) compression test conducted on
a single beam.

Fig. 7. Results of compression test for deployable structures with different designs: (a) nonlinear load–displacement relations and (b) linear load–displacement
relations at the deployed state when applied with small loads.

5. Conclusions

This study presents an optimization framework to increase the stiffness of deployable structures when fully deployed. Structures
consisting of curved beams were shape optimized. Trigonometric functions were used to parameterize the structures. The tangent
stiffness was maximized under a volume constraint. FEM structural analysis, sensitivity analysis, and gradient based design updates
were performed to update the designs. The optimized designs were up to 19.6% stiffer than the initial design. Structures were
6
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manufactured using laser cutting and compression tests were conducted to validate the optimization results. The experimental results
were compared to FEM simulation which deviated less than 5% for all tested structures. This study supports that the proposed shape
optimization method is able to significantly improve the structural stiffness of deployable structures.
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