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This research develops a new formulation for final penetration depth of projectile on granular material. Although
several relevant researches exist to estimate final penetration depths of blunt projectiles, estimation of final
penetration depth of sharp projectiles is still difficult. Direct application of the formulation of blunt projectile
cannot be applicable for sharp projectile. It is possible to employ heuristic and empirical formulations to predict
the penetration depth of projectiles. Through several experimental studies, this research, however, finds out that
buoyant force of sharp projectiles can be included in the existing formula for the final penetration depth of blunt
projectiles. In order to verify the hypothesis, first of all several experiments with cylinder and ball were carried
out to validate the existing theory. After sharp projectiles are experimented, the effect of the buoyant force is
formulated as initial penetration depth. By adding this initial penetration depth determined by balancing be-
tween the buoyant force and weight, it is possible to adjust the existing formula for sharp projectiles. To show the

validity of the present formulation, several cone shape projectiles are modeled and tested.

1. Introduction

This research develops a formulation for the final penetration depth
of falling projectile onto a granular material. Estimation of the final
penetration depth of a blunt (or flat) projectile has been actively studied
for craters formed by impacts or explosions. However, the estimation
cannot be applicable to random shape projectiles. To our best knowl-
edge, the existing formulations are only applicable to blunt (or flat)
projectiles. The direct applications of the formulations are still erro-
neous for random shape projectiles especially projectile with sharp nose
tip (or sharp projectile). Indeed, it is only possible to employ a heuristic
formulation to predict the penetration depth of the sharp projectile.
After experimental and theoretical studies, this research presents a new
modification that can be applied to sharp projectile considering the
buoyant force.

Several relevant researches predicting penetration depths of ball and
cylindrical projectiles exist [1-10]. According to impact velocity, the
different physical phenomena are observed. Depending on the range of
velocity, impact testing can be classified as low-velocity impact,
high-velocity impact, ballistic impact and hypervelocity impact in [11].
In the hypervelocity impact, projectiles often break above a certain
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velocity limit [12]. In the present study, the low-velocity impact or the
free-fall drop test is considered. In [1], balls are dropped into granular
media in order to form a crater and investigate diameters and depths of
craters. The formula of diameter and depth with respect to ball density,
ball diameter and drop height were presented. In [2], the improved
penetration depth of various spheres dropped into granular media is
defined by the characteristics of the ball. In [3], the penetration depths
of cylindrical projectiles are investigated. The role of the shape of the
projectile is experimentally investigated. In [8], the diameters and
depths of impact craters formed by dropping a steel ball into glass beads
are investigated and it is revealed that they are proportional to the 1/3
power of energy of the projectile. This relationship is important as it
shows the quantitative relationship between the penetration depth and
the energy that can be used to derive the penetration depths of various
projectiles and quantitatively verify the accuracy of relevant research. In
[9], high speed impact formulating jet of fine sand is observed. In [10],
the diameter of a crater by a small steel ball is experimentally observed.
Functional dependence of the crater diameter on the kinetic energy is
observed too. In addition, research with other shape projectiles exist [3,
13-15]. In [3], the penetration depths of cylindrical projectiles dropped
into granular medium is tested. In [13], different nose shapes and masses
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Fig. 1. The penetration depth of spherical, cylindrical and conical projectile falling. (a) The experimental setup and the definitions of the parameters and (b) the

differences of the penetration depth due to the different shapes.

Tip angle: 40°

Tip angle:;g

(b)

of projectiles were fired into sand. It is observed that the heavier the
mass of the projectile, the larger influence on the amount of absorbed
energy. In [14], the effect of the drag force on projectiles with circular
cross sections is studied. In [15], the internal flow fields in sand due to
long-rod projectiles were measured and studied.

Several relevant researches regarding buoyancy force exist too [5-7,
16-22].In [6], segregation of granular mixtures is separated through the
buoyancy force. In [7], the sinking depths of balls into granular mate-
rials are measured and the geometric effect is studied. This research
provides an insight regarding the sinking depth due to the buoyancy
force. In [16], the internal force chains of sand are studied. In [5], the
time dependency of wooden spheres penetrating into glass beads is
studied. In [17], the penetration depth of a sphere projectile into a
granular medium is linearly dependent on the impact momentum. In

Fig. 2. (a) Morphology effect (Sharpness
of projectile) on stationary penetration
depth (Equivalent cylinder (Flipped cone):
Mass My cylinder = 32 & Diameter Dp.cylinder:
25 mm, Equivalent height L cyiinder= 5.2
mm, d;cylinder = 0.8 mm (The flipped cone
is used for the cylinder experiment as the
stationary penetration depth of a cylinder
with 32 g mass can be same as that of the
flipped cone with 32 g mass), Ball: Mass
mypan= 32 g, Diameter Djpi= 20 mm,
dipat = 1 mm, Cone: Mass My cone= 32 &,
Diameter Dp cone= 25 mm, Height L, cone=
15.5 mm, di,cone =6.5 mm (mp.cylinder=
Mpcone= 32 g)) and (b) the penetration
depths for the various cones (Mass: [25g
37g 50g 63g], Tip angles: [57 °, 40 °, 25 °,
20 °] from the left to the right, Heights: [8
mm, 15.5 mm, 25 mm, 36 mm]+ 4 mm
(the height of the upper cylinder) from the
left to the right): di= 3.8 mm, 9.05 mm,
12.5 mm and 18.2 mm from the left to the
right.

addition, the research shows that this behavior can be explained in terms
of yield stress and an effective viscosity of the granular medium. In [18],
the effect of projectile mass is studied. It is found that a falling object
suspended in fluid reaches a terminal velocity when its weight and the
drag force are balanced. When an object is heavier than a critical mass,
the object reaches a terminal velocity that means an endless penetration.
In [19], a unified description of low-speed impact is studied. In [20],
molecular dynamics simulations and experiments are carried out to
study the penetration of a two-dimensional granular media. In [21],
response of a granular system to an impact was studied. In [22], flow
rate of granular material is experimentally controlled by the exit ve-
locity imposed on the particles.

By following the results of the relevant research [3,7], this research
modifies the penetration depth formulation of sharp projectiles by



H.S. Koh et al.

dyy=0.141{ 22
ulp

12
2/3 U3
] Dy o™ Hya

-Ref[1,3,7]

<

d,

International Journal of Impact Engineering 166 (2022) 104238

1/2
L( PyLy ciner
cylinder — 0-“;[%} Dp,cwmde«”chyﬁumm
g
D,y et -Ref [7]

Rearrangement
12 "
L My Vi B U {01, gginger !V, inie) L cyina /
dyy :0-14;[%] Dp.ballz 3Hbau1 : dcylinda = 014;[% DP‘C)«ﬁudcrl éI‘Icyl“merm
L4 g
1/2 12
y 4 3 y 4 2
1| ™pbat /(ED” v ) e s 1 (L /(Z D, qinter” Lp.eginge ) Ly eytnier v v
=0.14 ; pi Dp.ball Hyy =0.14— P p.cylinder Hcylmda
e e
1 12 1 V2
m p m linder . %
:0‘19;[ ;M“ ] Dp.bnuis Hhall" = 0‘16; %HJ Dp.cylnuia MHcyImde.‘ :
g k4
‘: Same formulation
Rearrangement
from the same formula
12
e = 0.14l[—("’P-°m= Vosme) Lyons J Dyne Hen
u P,
T /2
—oual ) e ! (5 Dpcne Ly ane)) Lycone vy s
P Py pcane Heone
12
L[ Pyl pcone
Do = 0-14*[L] Dy Hee” =009 | Mpsme |y wspr s
H e ul p,
R(—/
(a)
2 2
Ve =7 Dp‘bﬂu d, bauZ _ld- bau3 V. :M V. = —”Dp'm": d 3
s:bal 2 i 3 s cylinder 4 i.cylinder seone ~ 11 2 Yicone
p.cone

D

p.ball

D

mp.cnne

M, ytinder

p.cylinder

(b)

Fig. 3. (a) Estimations of the penetration depths for cone by rearranging the penetration depth equation for ball and cylinder and (b) the stationary penetration

depth and the buoyancy.

subtracting the initial penetration depth due to the buoyancy force.
Experimentally and theoretically, it is known that the penetration depth
of blunt projectiles can be estimated. Blunt projectile refers to projectiles
without sharp corner where contact with granular material [13]. For
example, Fig. 1 shows the schematic diagram. With the same mass, the
penetration depths of the cylinder and sphere without sharp corner are
similar. The effects of the geometries such as density, radius and falling
height are well studied [1,2,8]; the penetration depth is defined by d as
shown in Fig. 1(b). However, the sharp projectile, here a cone shaped
projectile, shows a larger penetration depth even with the same mass.
This phenomenon, which is considered unpredictable, can be observed
in everyday life. For example, Fig. 2(a) shows the penetration depths of
the various objects including cylinder, sphere and cone shaped pro-
jectiles with the same mass. As shown, the initial penetration depths of
the cylinder and the sphere are different but can be neglected compared
with the falling penetration depths. The cone shaped sharp projectile

however shows a large initial penetration depth which can not be
neglected. In addition, Fig. 2(b) shows the penetration depths of the
various cones. These initial penetration depths are determined by the
balance between the buoyancy force and the weight of the projectile. In
the present study, these initial penetration depths are included in order
to improve the predictions of the penetration depth of sharp objects. To
achieve this purpose, the present study summarizes the existing formula
for cylinder and sphere. After that, we modify them by considering the
initial penetration depth. From experiments with the projectiles in
Fig. 4, we found that by modifying the formulations with the consider-
ation of the initial penetration depth, the estimation is improved for
sharp objects. To our best knowledge, the estimation of the penetration
of blunt objects can be found in [3]. However, the estimation of the
penetration of sharp objects is hardly found. In the present study, we
present a modification of the existing formulation predicting the pene-
tration depth of blunt objects by subtracting the initial penetration
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20 32 11.5 25
30 111 17 32
25 20 37
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90 1989 60 40 399
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Fig. 4. Projectiles and their geometries (Without any confusion, the same symbol D,, is used to denote the diameters of the geometries). (a-c) The geometry defi-
nitions for sphere, cylinder, and cone and (d) the experimented projectiles and (e) the specification for the projectiles experimented.

depth due to the buoyancy force.

The paper is organized as follows. Section 2.1 provides some back-
grounds to the penetration depth estimation of cylinder and ball. The
parameters affecting the penetration depth are summarized. Section 2.2
develops the penetration depth prediction considering the buoyancy or
the initial penetration depth. Section 3 summarizes the experimental
results of cylinder, ball and cone that show the improvement of the
prediction of projectiles. Section 4 provides the conclusions and sug-
gestions for future research topics.

2. Prediction of the penetration depth considering the effect of
buoyancy

This section provides some relevant theories and equations for the
prediction of the penetration depths of several free-fall projectiles to-
ward dry sand. In addition, a new theory predicting the effect of sharp

projectiles on the penetration depth is presented. The new theory sug-
gests that the buoyant force should be included for the sharp projectiles.

2.1. The penetration depth predictions of blunt projectiles: Ball and
cylinder

Without considering the buoyancy or the initial penetration depth,
the relevant empirical equations of the penetration depths of cylinder
and ball were proposed in [1-3]. Through experiments and theories, the
predictions are verified. However, the relevant theories and predictions
are not applicable for sharp projectiles. In [3], the following theoretical
equation was proposed for cylinder projectile.

1 12
Ball (sphere): dball = 014; Cl) DpvbaHZ/SHballl/ZS (1)

g
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Fig. 5. (a) Experiment device: electromagnetic device dropping projectiles,
cylindrical shape guide to maintain the posture of the projectile and (b) repose
angle of the sand.

Hyai = h + dyan 2

where the penetration depth of the ball projectile with diameter Dj, p,y at
the dropped heigh h is denoted by dp,). The density of the projectile is
denoted by p,,. Note that the density of the granular media and the bulk
density of the granular media are denoted by p,, and p,(= ¢pgy),
respectively when the volume fraction of grains is ¢ [23]. The conditions
of sand such as size, regularity and moisture content determine the
tangent of draining repose angle p that affects the penetration depth,
dpan- The experimental results and the predictions with the above for-
mulations are well matched as the initial penetration depth of cylinder
can be neglected. In addition, the above penetration depth formulation
is extended to the formulation for cylindrical projectile, dyiinger as
follows:

1 L cylinder 12
Cylinder: dcylinder = 014;(‘%) l)ll,c)'linderI/GI-Icylinc.lerl/3 (3)
8

Hegtinger =+ deylinger ()]

where the length and the diameter of the cylinder are denoted by
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Ly cylinder and Dy cylinder, respectively. Again the conditions of sand such as
size, regularity and moisture content affect the tangent of the draining
repose angle value of u. With elementary equipment, it is possible to
verify the above relationships.

The present study notices that the above equations are accurate and
reliable [1,2,8,10]. However, they neglect the effect of the initial depth
of projectile. To our best knowledge, it is observed from an experimental
point of view and it has not been explained reasonably and rigorously.
The present study observes that the effect of the buoyancy force or the
initial penetration depth can be a clue to improve the accuracy of the
penetration depth estimation.

2.2. The new penetration depth prediction considering the buoyancy or
the initial penetration depth

This research finds that the theories for penetration should be
modified by considering the stationary penetration depth depending on
the morphology of projectile. Although projectiles are placed smoothly
on the surface of sand, the penetration depths become different even
with the same mass owing to the buoyant force and the interaction with
sand and projectiles. For example, Fig. 2(a) shows differences of the
penetration depth of the same mass (32 g) on sand. Although the mass
values of the projectiles are the same, the initial penetration depths or
the stationary penetration depths are different. The initial penetration
depth of the cylinder can be neglected and can be set to 0 whereas the
initial penetration depths of the sharp objects are not negligible. The
differences in the stationary penetration depths are due to the differ-
ences in friction between projectiles and sand (the buoyant forces of
projectiles) as shown in Fig. 3(b). To our best knowledge, however, these
differences have not been considered in the relevant researches as
shown in Fig. 3(a) [6,7,16].

The buoyant force through sand can be realized when you walk
across a beach. When you walk on sand, sand moves due to your weight
and at some point, your foot is firmly supported due to the buoyant
force. These physical phenomena occur for anything dropped from rest
into sand. The potential energy (mgH) of an object of mass m dropped
from a H distance above sand is transferred to sand. Some of these en-
ergies are dissipated inside sand due to the interaction between sand and
projectile. At the same time, some of these energies are converted back
to the gravitational energy to form a crater. The buoyant force is an
upward force applied on an object immersed in fluid. In case of fluid, the
magnitude of the buoyant force is determined to the weight of the
immersed object (i.e., mg = p,gVs, Vs: Submerged volume). However, in
case of granular media, the magnitude of the buoyant force is not
directly determined but proportional to the weight of the immersed
object :

m,gexp 8V ()

where the mass of the projectile is denoted by m,. By manipulating the
above Eq. (5), the submerged volumes of the ball projectile and the
cylinder projectile can be obtained as follows:

Dp,ball

d[,ballz assuming D, pai>>d; pan

it [ it / Dy ot 2

N ball X

2
di,cylinder“mp,cylinder /Dp,cylinder (7)

where the submerged volumes of the ball projectile and the cylinder
projectile are denoted by Va1 and V; yiinder, respectively.

After considering the above initial penetration depths of the ball and
cylinder projectiles, this research insists that the formulations predicting
the penetration depths of the ball projectile and the cylinder projectile
can be modified as follows:
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Fig. 6. Penetration depth of the cylinder projectile considering the buoyancy force. (a) The initial penetration depth distributions and (b) the modified penetration
depth distributions considering the initial penetration depth (Green diamond: D, = 25 mm, L,=12.5 mm, Green filled star: D, = 25 mm, L,= 25 mm, Green upward-
pointing triangle: D, = 25 mm, L,= 37 mm, Blue square: D, = 38 mm, L,=19 mm, Blue filled downward-pointing triangle: D, = 38 mm, L,= 38 mm, Blue x mark: D,
= 38 mm, L,=57 mm, Red circle: D, = 60 mm, L,= 30 mm, Red plus mark: D, = 60 mm, L,= 60 mm, Red star mark: D, = 60 mm, L,= 90 mm). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

1 (my pan 2 _
Ball: dyan — dipan = 0~19—(L Dy pait 3/ Hyan' 2, dipan
N———~——Effect of the buoyancy

Note that the above formulas are modified by subtracting d;pa; and
8

di cyiinder- The experimental data of the initial penetration depth of ball

~0 and cylinder projectiles presented in the next section show very small
®) values. It should be emphasized that the above formulas without the
terms associated with the buoyancy are still valid from an engineering
Cylinder:
dor o —de oo 1 (my, cytinder s 5/6 1/3
cylinder I’CYImder'Effem of the buoyancy = 016;(—’ 3 ) Dp,cylinder7 / Hcylinder ! ) (9)

di cylinder ~ 0.
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Fig. 7. Penetration experiment of ball projectiles. (a) The initial penetration
depth distributions and (b) the experiment results of initial penetration depth
distributions with respect to m,/D, (i.e. d;pa1 ~ (mp /Dp)l/ 2.

point of view.

2.3. The penetration depth for sharp projectile: Cone

This research notices that the consideration of the buoyant force in
estimating the penetration depth is important in the case of sharp pro-
jectiles as shown in Fig. 2(b) [6,7,16]. To investigate this aspect, the
cone shape projectile whose sharpness can be easily controlled is
considered in this research as a representative sharp projectile. The
initial penetration depth due to the buoyant force can be obtained
experimentally and theoretically. The same procedure in Egs. (8) and (9)
can also be applied to the estimation of the penetration depth of the cone
shape projectile as illustrated in Fig. 3(a). The submerged volume of the
conical projectile Vjcone is represented with the initial penetration
depth, d;cone, as follow:

2
”Dp,cone 3

2"%i,cone*
12Lp,cune

(10)

Vi cone =

Using the relationship between the submerged volume and the mass
of the projectile, the initial penetration depth due to the buoyancy force
can be expressed as following:

2
”Dp,cone

2
1 2Lp,conc

. o((Dp_conc)z Jos an
p.cone 1,cone

Lp.cone

3
mp.coneg = pgg di,cune

2 3
mp.conc otan gpdi,conc

where the mass, diameter and the length of the cone shape projectile are
denoted by m, cone, Dp,cone @and Lp cone, respectively. The tip angle of the
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projectile 6, is set to Dy cone/2Lp cone- Thus, the initial penetration depth
of the cone shape projectile can be defined as follow:

di,coneO( [mp.conetanizap} l/3~ (12)

The above formula implies that the initial penetration depth is propor-
tional to one-third power of the mass, which will be validated through
the experiments in the next section. And the penetration depth of the
conical projectile derived from the previous formula is as following (See
Fig. 3(a)):

1/2
dcone =0.14 l (M) D, ccnel/6Hcone]/3
u ’e P
12

:0441(Qﬁfﬂﬂﬂﬁfﬁﬂzﬁﬁ) Dy eone? Heone 2

I Py ’

1/2

1 mp,coneLp,Cone/(%Dp,conesz,cone> 23 13

=014 5 Dy cone”’* Heane"/
3

13

where the penetration depth of the cone shape projectile is denoted by
dcone and the sum of the h and the dope is denoted by Hcone. The above
formula presents the penetration depth of cone shape projectile without
considering the initial penetration depth. Considering the buoyancy
force, this research presents the following formula with the initial
penetration depth, d;cone. Note that the penetration depth estimation
model of the cone shape projectile is modified as fallow:

12
deone — di‘cone =d = ()09l M D, . 75/6H, 1/3.
N————~——Effect of buoyancy cone U pg preone cone

14)

The superscript (*) is employed to consider the initial penetration
depth. The above Eq. (14) implies that for sharp projectiles the initial
penetration depth can be included to find out the penetration depth of
the projectile. In the next section, some experiments are carried out to
verify the relationships and the associated formulas. Until this section,
the shape of the projectile is denoted in the subscript of each expres-
sions. In the next section, according to the definition in Fig. 4, the
simplified symbols m, and D, are applied

(mp,ball = mp,cylinder = mp,cone = mp and Dp.ball = Dp,cylinder = Lpcone = Dp)~
3. Experimentation and verification
3.1. Experiment procedure

To investigate the effect of the initial penetration depth on the
maximum penetration depth and verify the modified formulation, some
experiments with cylinder, ball and cone shape projectiles are con-
ducted in this section (Fig. 4). The projectiles are made of stainless steel,
aluminum or brass to verify the effect of the buoyant force; note that it is
difficult to have projectiles with the same shape and material but with
different masses. An experimental device in Fig. 5 is prepared [1-5,8,10,
17]. The roughly estimated diameters of sand range from 0.5 mm up to
1 mm. The measured density of granular material is 380 kg/m® when the
measured bulk density is 1450 kg/m?. It is interestingly found that a
container should be large enough to prevent the boundary effect [4]. In
this study, a cylinder shape bucket with 250 mm diameter and 300 mm
depth is employed. Sand in the container is whisked lightly and tapped
horizontally before the experiment as it was reported that the treatment
of the surface of sand affects the results of the experiments. To adjust the
sand surface without compaction, the sand surface is trimmed a few
times with a straight alignment bar. The experiment is repeated several
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times and processed by averaging the measured penetration depths. The
projectiles are dropped from 0 mm to 1000 mm range of the falling
height (h). This range makes the impact velocity from 0 m/s to 4.43 m/s
by ignoring the effect of air. While cylinders or balls are relatively easy
to drop vertically, it is complicated to drop vertically for cone. Indeed a
cylinder guider is installed. The penetration depth and the free-fall
distance are measured with a laser distance measurement device. The
validity of the experiment device is carried out by measuring the
penetration depths and comparing the effects of geometries of the falling
projectiles, i.e., cylinder and ball.

3.2. Experiment with cylinder and ball

For the first experiment, the projectiles of cylinder and ball depicted
in Fig. 4 are dropped with the mentioned experimental setup. The initial
penetration depths of cylinder projectiles are almost zeros as depicted in
Fig. 6(a); The initial penetration depth due to the cylinder weight is
beyond the precision of the laser displacement measurement. Conse-
quently, the initial penetration depth of the cylinder, d;yinder, can be
regarded as zero for the estimation of the penetration depth. The log-log
graph in Fig. 6(b) shows the penetration depth estimation with zero for
the initial penetration depth. The correlations between the penetration
depth and the physical quantities are well-matched with the theories
[3]. This first experiment verifies that the estimation of the penetration
depth is valid in the case of the cylinder with zero for the initial pene-
tration depth from an engineering point of view.

As the next experiment, the initial penetration depth of the ball

International Journal of Impact Engineering 166 (2022) 104238

Fig. 8. Penetration depth of the ball projectile. (a) The penetration depth
distributions without considering the initial penetration depth and (b) the
modified penetration depth distributions considering the initial penetration
depth (Red circle: D, = 30 mm, Green downward-pointing triangle: D, = 40
mm, Blue diamond: D, = 50 mm, Magenta square: D, = 60 mm, cyan upward-
pointing triangle: D, = 70 mm). (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

projectile is considered. In the case of the balls, the initial penetration
depths are larger than those of the cylinders as shown in the Fig. 7(a) and
(b). Theoretically, the magnitude of the initial penetration depth is
proportional to the square of the mass and inversely proportional to the
square of the diameter (Eq. (7)). The log-log graph in Fig. 7(b) shows
that the relationship between the initial penetration depth and the mass
over the diameter, d;pan ~ (M, /Dp)l/ 2 is accurate for the ball projectile
too (Eq. (7)). Partially due to the effect of the rotation of the ball, some
variations are observed. Fig. 8 shows the predictions of the penetration
depth with and without considering the buoyancy effect. As the balls are
dropped with different heights, h, it is possible to obtain the experi-
mental data with differences in the x coordinate with the same diameter.
The distribution is quite consistent with the theory. These figures illus-
trates that there are small differences as the initial penetration depths
are still small.

3.3. Experiment with cone

In order to verify the equation in Eq. (14), the experiments are car-
ried out with cone shape projectiles. The initial penetration depth of the
cone is much larger than those of cylinder and ball. Consequently, it is
expected that the prediction of the penetration depth can be improved
significantly with the present approach. For example, Fig. 9(a) shows the
initial penetration depths of various conical projectiles. From the theory
of (Eq. (12)), the initial penetration depth is proportional to one-third
power of the mass and the experiment curve in Fig. 9(b) shows that
the prediction is fairly accurate. Fig. 9(c) shows the curve showing the
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Fig. 9. Initial penetration depth experiment of cone shape projectiles. (a) The
initial penetration depth distributions and (b) the experiment results of initial
penetration depth distributions with respect to my, (i.e. djcone ~ mpl/ 3), with the
cone shape projectiles having same 6 of 40° and different densities ([Red empty
symbols:Dy= 48 mm, L,= 30 mm (square: Aluminum, circle: Stainless steel,
diamond: Brass)], [Blue filled symbols: D,= 60 mm, L,= 40 mm (square:
Aluminum, circle: Stainless steel, diamond: Brass)] and (c) the experiment results
of initial penetration depth distributions with respect to m,/tan®d, (i.e.
dicone = (Mp /tanze)l/ 3), with the cone shape projectiles having different ¢ and the
same density of aluminum ([Red empty symbols: D,= 48 mm (square:, L,= 20
mm, circle: L,= 30 mm, diamond: L,= 40 mm)], [Blue filled symbols: D,= 60
mm (square: L,= 20 mm, circle: L,= 30 mm, diamond: L,= 40 mm)]). (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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relationship between the initial penetration depth and the term, i.e.
mass over tan?d. The theory predicts that the penetration depth is pro-
portional to one-third power of the term and the experimental results
show that this prediction is accurate, too. Note that comparing with the
initial penetration depths of the cylinder projectile and the ball projec-
tile, the initial penetration depth of the cone shape projectile is much
larger and cannot be neglected. Thus, the consideration of the initial
penetration depth is essential.

Fig. 10 (a) and (b) show the comparison with the estimations with
and without the consideration of the initial penetration depth of cone.
Without the consideration of the initial penetration depth, there are
some variations on the estimation of the penetration depth in Fig. 10(a).
Although the experimental results are spread, the estimation of the
distribution could be possible. Our computation finds out that the power
factor 1.8 could be used to correct the original prediction model (i.e.

deone = (0.09/;4-(mp/pg)l/sz’5/6H1/3)1'8). However, not only the
equation does not match the dimension of the left and right, but the

physical meaning associated with energy dissipation, which is implied
by the existing formula, is undermined.

What we want to emphasize is that we do not deny that the above
empirical formulation with the factor 1.8 can be employed. However,
this research proposes that rather than finding the heuristic and
empirical formulation for each projectile, the existing theory predicting
the penetration depth of blunt projectile can be modified with the
consideration of the initial penetration depth. Fig. 10(b) shows the
distributions of the experimental results considering the initial pene-
tration depth with the same data of Fig. 10(a). As shown in Fig. 10(b),
the prediction becomes linear and improved. In addition, the effects of
the H and m, are independently verified in Fig. 11. As illustrated, by
considering the initial penetration depth d;, each of the parameters, the
H and my,, are well-matched with the prediction model, separately. This
example explains that the penetration depth formula for blunt (or flat)
projectiles can be modified by considering the initial penetration depth
due to the buoyant force for sharp projectiles.
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4. Conclusion

This research presents a new theory considering the buoyant force to
predict the penetration depth of sharp projectile. When several impac-
tors freely fall into granular material like sand, the final penetration
depths are dependent on their masses and geometries. Not to mention,
their shapes also play an important role in determining the maximum
penetration depth. It was found by the relevant researches that it is
difficult to predict or estimate the penetration depths for sharp pro-
jectiles. In order to contribute to this research topic, several experiments
with cylinder and ball were carried out. In addition, the penetration
depths of cone shaped projectiles are also investigated. The investigation
of the experiment data reveals that the buoyancy of projectile affects the
maximum penetration depth. In addition, to consider the effect of the

10
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Fig. 10. Penetration depth of the cone shape projectile. (a) The penetration
depth distributions without considering the initial penetration depth and (b) the
modified penetration depth distributions considering the initial penetration
depth ([Magenta: D, = 25 mm (x mark: L,=11.5 mm, plus mark: L,=17 mm,
circle: L,=20 mm, upward-pointing triangle: L,= 30 mm, square: L,= 40 mm)],
[Blue: D,= 38 mm (star mark: L,=15.6 mm, downward-pointing triangle: L,=
23 mm, upward-pointing triangle: L,=30 mm, diamond: L,= 42 mm)], [Green:
Dy= 48 mm (circle: L,=20 mm, upward-pointing triangle: L,= 30 mm, square:
L,=40 mm)], [Red: D,= 60 mm (circle: L,=20 mm, upward-pointing triangle:
L,=30 mm, square: L,=40 mm)](The sizes of the symbols indicate density. From
small size to big size, the symbols indicate aluminum, stainless steel and brass)).
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

initial penetration depth due to the buoyant force, this research finds out
that the existing formula for blunt projectiles can be modified by sub-
tracting the initial penetration depth to the penetration depth of blunt
projectiles. To prove our concept and formulation, the final penetration
depths of several cone shape projectiles are presented and validated
experimentally. With the present theory considering the initial depth
due to the effect of the buoyant force, the final penetration depths of the
three projectiles are successfully predicted and the coherence of these
values is verified by the experiments. One of the limitations of the pre-
sent experiment is that the compressibility of sand is not considered;
Sand is whisked lightly and tapped horizontally before the experiment
followed by the relevant researches. For future research topic, the effects
of the compressibility, grain size, or moisture of granular material can be
further investigated.
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Fig. 11. The experiment results of the modified penetration depth with respect to the total drop height H of (a) ball, (b) cylinder, and (c) cone. And the experiment
results of the modified penetration depth with respect to the mass of the projectiles m,, of (d) ball, (e) cylinder, and (f) cone. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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