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This study develops a new acoustic negative-refraction metamaterial that utilizes a synthesized
double split hollow sphere (DSHS) for its unit cell. Recent relevant research has affirmed the con-
cept that acoustic metamaterials can show unusual behavior that has not been observed in nature
previously. However, as some hypothetical metamaterial designs have material properties not found
in nature, the realization of practical metamaterials requires practical and complicated models. As
a contribution to the development of acoustic metamaterials, the present study proposes a new
anisotropic unit structure that encompasses Helmholtz resonators. This structure is referred to
as the DSHS, is easy to manufacture, and has the advantage in that it uses the natural medium
in its original form. By drawing the equifrequency or isofrequency contours of the designed two-
dimensional (2D) anisotropic unit structure using the Floquet-Bloch’s principle, the properties of
the present metamaterial can be understood. Numerical simulations are also conducted to iden-
tify and present the characteristics of the presented acoustic metamaterial. Through these, a new
refraction phenomenon is identified that deviates from Snell’s law, and an acoustic hyperlens is
numerically implemented that overcomes the diffraction limit.

Keywords: Acoustic metamaterial; hyperlens; double split hollow sphere; Floquet—Bloch’s principle.

1. Introduction

Metamaterials have recently attracted increased attention from researchers in materials sci-
ences, physics, mathematics, and engineering. Metamaterials are considered as a new class
of composites, or as smart materials, with man-made subwavelength microstructures that
show unusual behaviors that have not been observed or encountered in nature previously.
Typically, metamaterials are arranged in repeating patterns at subwavelength scales, and
their properties are not directly derived from the constituent material properties, but from
their repeating unit cell patterns. Unit cell geometric shape, size, orientation and arrange-
ment, are modified to achieve, among others, the enhancement, blocking, absorbing, or
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bending of waves that are impossible to achieve with conventional, natural materials. In
1968, Veselago first presented a fundamental mathematical theory for possible metamateri-
als with negative electric permittivity and magnetic permeability, showing a backward wave
medium propagation and a negative refractive index medium. After this pioneering research
in electromagnetics, the possibility of synthesizing left-handed electromagnetic metamate-
rials that were not observed in nature was discussed by Smith et all In 2000, Pendry
explored the concept of a perfect lens made of a left-handed metamaterial. An experimen-
tal verification of a negative refraction index was presented in Ref. 2l To the best of our
knowledge, metamaterials also have some limitations, such as narrow optimal operating
frequency bands, large spatial requirements owing to their repeating unit cells, and large
energy losses owing to large impedance differences 37 To overcome these limitations to make
use of metamaterials in engineering applications, we can first refer to prior studies on this
topic.BLmI

The concepts of metamaterials were utilized to overcome the diffraction limits of ultra-
sonic and acoustic devices or superlenses B2 A superlens is a lens that utilizes meta-
materials that function beyond the diffraction limit. Until now, much of the pioneering
superlens research has focused on electromagnetic wave applications (see Ref. 8 and refer-
ences therein). Considering the analogy between acoustic and electromagnetic waves from
the mathematical point-of-view, and considering the kinematics and the energy balance of
wave propagation, some researchers have attempted to identify left-handed acoustic meta-
materials with negative mass densities and/or a negative elastic moduli ™23 Such acoustic
negative refractive index applications vary from a simple sound barrier to a complex device
for nondestructive health monitoring and measurement devices. If these attempts succeeded,
the resolutions of acoustic and ultrasonic devices would have been significantly improved.
With this set objective, many relevant studies had been conducted subsequently.@

The resolution of an imaging system, such as a microscope, telescope, or camera, is
proportional to the size of its objective and inversely proportional to the wavelength of light
that is being observed. Additionally, there is a fundamental maximum to the resolution of
any optical system owing to diffraction. This theoretical limit is known as Abbe’s diffraction
limit, described first by Ernst Abbe in 1873. The diffraction limit is defined by the following
equation@:

D_ A

= 2nsin(@)’ W

where D is the resolvable feature size, \ is the wavelength, n is the index of refraction of
the medium, and 6 is the half-angle subtended by the objective lens, respectively. As an
illustrative example, two sound sources can be distinguished when the distance of the two
sources is larger than the diffraction limit. This distance is dependent on their frequency and
is equal to one-half of the wavelength (Fig. [[{b)). Conversely, when the distance between
the two sources is smaller than the diffraction limit, the constituent sound waves far from
the sources cannot be distinguished. In that case, they can be regarded as one sound source,
as seen in Fig. [[l(a).
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Fig. 1. Diffraction of sound sources (A = 5cm, D: sound source distance). (a) D = lcm (D < A/2) and (b)
D =4cm (D > \/2).

It is worth mentioning that waves in natural media cannot overcome Abbe’s limit, as
defined in Eq. (). To overcome this limit with man-made materials or structures, the con-
cept of a superlens or hyperlens has been proposed in many pioneering works S THISZI2526
To achieve these interesting characteristics, acoustic metamaterials exhibit negative refrac-
tions at the specific frequencies of sound sources 32527 For this purpose, many researchers
have resorted to the use of man-made microstructures to achieve the apparent effect of
negative mass density in acoustic metamaterials using mechanical resonators 282 With the
help of acoustic metamaterials, the effective mass density becomes frequency dependent,
and acquires negative values in a certain frequency range. Acoustic metamaterials possess
a negative effective modulus and have been proposed in various prior studies 32833 These
acoustic metamaterials are man-made structures that have the form of a pipe with repeat-
ing lateral Helmholtz resonators or periodical membranes designed with side holes34 As
these hyperlenses attenuate waves in one direction, waves perpendicular to that direction
can propagate unencumbered by the diffraction limit, but with energy dissipation. There-
fore, an acoustic metamaterial hyperlens provides an engineered solution to overcome the
diffraction limit by transforming the evanescent wave. Extensive research has focused on the
utilization of this interesting phenomenon in scientific and engineering applications, such as
the imaging of subwavelength-sized objects.

There are two issues that are encountered in implementing the acoustic hyperlens for
overcoming the diffraction limit. The first is to use materials with negative material prop-
erties. Since these materials are not present in nature, the acoustic hyperlenses are often
theoretically or numerically implemented. The second issue is that the structure of the unit
cells is complicated and difficult to fabricate. Generally, the acoustic hyperlenses are made
by stacking many types of materials or by making unit cells of complex structure. These
unit cells interfere with the actual implementation of the acoustic hyperlens.
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In this study, we focus on the acoustic metamaterials of the local-resonance type, which
are based on the double split hollow sphere (DSHS) % This DSHS structure has been used to
realize acoustic metamaterials because it can be easily manufactured. Because this structure
does not have negative material properties, its use to construct the unit cells of an acoustic
hyperlens allows its realization using a medium that exists in nature.

This study is organized as follows. In the next section, we analyze the characteristics of
DSHS. A new model that exhibits negative effective density is proposed and its dynamic
characteristics are investigated. The wave propagation behavior of the one-dimensional (1D)
system is subsequently studied and a new DSHS microstructure is introduced, based on the
results of the 1D system. Numerical simulations on wave differentiation and propagation
with negative refraction in acoustic metamaterials are subsequently presented. Finally, the
findings are summarized and future research topics are briefly discussed.

2. DSHS as a Unit Lattice for an Acoustic Metamaterial System
2.1. Acoustic hyperlens with negative density

To develop a two-dimensional (2D) acoustic metamaterial structures, let us consider prop-
agating waves in the circumferential () and radial directions (r).

Without loss of generality, the wavevectors in the circumferential and the radial direc-
tions are denoted by kg and k,., respectively. To realize a hyperlens, it is possible to consider
a hyperlens evanescent wave in the circumferential direction with a passing wave in the
radial direction® In other words, to enable a hyperlens, the wave diffraction in the cir-
cumferential direction should be prevented by transforming the propagating wave in the
circumferential direction to an evanescent wave. To describe the physical properties of the
hyperlens, the equifrequency contour (EFC) curve can be considered for a certain frequency
range.

In accordance to the wave propagation theory the EFC curve of an acoustic medium
in the cylindrical coordinate system can be expressed as follows:
kK

T

Pr Po
where the effective density values in 6 and r are denoted by py and p,, respectively. The
bulk modulus of the media and the angular velocity are denoted by B and w, respectively.
Normally, in nature, all values of the variables in (@) are positive, and the EFC curves
are limited to circular or parabolic shapes, depending on the magnitudes of py and p,.

— B2, (2)

However, with the help of a man-made metamaterial structure, it is possible to obtain a
negative value for py and an imaginary value for ky. Figure[2(a) shows a hyperlens example
with a hyperbolic curve in Fig.[2lb). For example, when the diffraction limit is 5 cm, sound
sources separated by distances less than 5cm cannot be distinguished. However, when thin
layers with a positive density (p; = 1000 kg/m?) and a negative density (ps = —960kg/m?)
are juxtaposed in the radial direction, waves are transmitted, the hyperlens overcomes the
diffraction limit, and the sound sources can be discriminated, as shown in Fig. @(a). By
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Fig. 2. Tllustrative example of a hyperlens.ﬂ;gI (a) Hyperlens with an acoustic metamaterial (p; = 1000 kg/m?,
po = —960 kg/m>, By = 2.22 x 10° N/m?, By = 1.733 x 10° N/m?, diffraction limit A = 5cm), and (b) EFC
of the acoustic hyperlens in (a).

considering the volume ratios in the circumferential and the radial directions, the effective
mass densities and the effective bulk moduli are also computed as follows:
Lo 1=y 1 f 1-f

= 4+ (1 — , — =4 , — ==+ ,
pr=Tor 1=z po p1 P2 B B By

where the volume ratio between the volumes of the first (V4) and the second layers (V3)
can be expressed in accordance to f(=V1/(Vi + V3)). With these values, the EFC can be
computed as shown in Fig. [2(b).

3)
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Although the above system was presented as a hyperlens I3 it is impossible to realize it
in practice because the density of the second layer is po = —960kg/m?, which cannot be
found in nature.

2.2. Use of a unit model with DSHS structures for synthesis of an
acoustic metamaterial

In Fig. @l the density of the second layer is set to have a negative value, and from an
engineering point-of-view, this is impossible to realize in practice. Therefore, in order to
realize this metamaterial and a hyperlens, it is necessary to introduce a man-made structure
that has an effective negative density. In accordance to Eq. (@), the negative bulk moduli
require one or more negative mass densities. In accordance to the definition of the acoustic
hyperlens, Eq. (@) should be a hyperbolic equation. To satisfy the condition of achieving
a negative bulk modulus and the condition for the synthesis of an acoustic hyperlens, one
of the densities in Eq. (2) should be negative, or the wavevector of Eq. (@) should have
an imaginary value. In Ref. [35, the DSHS structure has a negative bulk modulus and a
positive mass density. In the case where the acoustic hyperlens uses a medium that exists in
nature, the wavevector has an imaginary value because the mass density is always positive.
In acoustics, an imaginary wavevector implies that the wave in the direction indicated by
the vector is an evanescent wave. When the evanescent wave was generated in a specific
direction, it cannot be propagated along this direction. The DSHS structure can block the
wave based on a resonance phenomenon. This means that the evanescent wave is generated
when a resonance phenomenon occurs. For this purpose, the present research employs the
DSHS structure, as shown in Fig. Bl Because of the acoustic resonance inside the internal
cavity, the realization of the acoustic metamaterial is possible. For a hyperlens, Eq. (£)
should be a hyperbolic equation with a negative bulk modulus or a positive density. In
Ref. [35], it was proven that the DSHS structure has a negative bulk modulus and a positive
density.

The DSHS structure and the metastructures presented subsequently can be manufac-
tured with modern manufacturing technologies, such three-dimensional (3D) printers or
CNC machines. In Fig. Bl the DSHS structure has two masses and one spring. The sub-
scripts “1” and “2” express the respective parameters of masses 1 and 2. Neglecting the
effects of viscosity, the DSHS in Fig. [3] can be expressed by the mass—spring—mass system,
and the relevant equation based on Newton’s law can be formulated as follows:

d2
Tfte:fr—u21 = k(uz —uy) + F,
dx (@)
m @——k‘(u —uy)— F
eff dﬂj2 - 2 1 )

where x is the displacement, u and p denote the acoustic pressure, and F(= Sp) is the
external force. Assuming harmonic oscillations for the pressure (p = ppe™?) and the dis-
placement (u = uge™?), and given that the relationship between the two displacements is

1850025-6



J. Theor. Comp. Acout. Downloaded from www.worldscientific.com
by UNIVERSITY OF CALIFORNIA @ BERKELEY on 08/02/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

An Acoustic Hyperlens with Negative Direction Based on DSHS

Schematic Real DSHS
(a)
Vv
i )(\ "
\
y
F o— T_> d e=F

Fig. 3. DSHS structure: (a) 3D model of DSHS and its practical realization and (b) geometry of DSHS.

u = ug — u1, the governing equation in (@) can be further formulated as

— wmegur = k(uz —u1) + Sp,  —wmegus = —k(us —u1) — Sp,

k — mw? —k ur| Sp (5)
—k E—mw?| | us B —Sp|

If w = wus — uy expresses the relationship between the two displacements, the governing
equation in (B) can be simplified as follows:

S2
— Megw’u = —2p027u — 285p. (6)

The effective mass is meg = pSleg, and the effective neck length is leg = lin + 1 + lout,
where S is the sectional neck area. The bulk modulus, the density, and the volume of the
internal cavity are set to B, p, and V, respectively. By assuming harmonic oscillations
for the pressure (p = poe™?), the governing equation in (B) can be further formulated in
accordance to,

2

S 1 pSleg (2628
- — 2_ — 2 = — ¢ — 2
Spo = —pc 77 Uo + 5% pSlegug 5 <Vleff w > U (7)
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with wo = ¢4/25/(legV'), for which Eq. () can be further simplified to

pleff
= L (R — P, (5)

Pbo

Correspondingly, the displacement ug can be obtained as

gpo ()

U= —+—5—5—.
leff(wo _w2)p

Equation (@) has many similarities with the Helmholtz resonator, and this DSHS struc-
ture has almost the same characteristics as this resonator type. This study uses the DSHS
structure as the unit cell of the acoustic metamaterial structure. The next section constructs
a 2D mass and a spring system to use this DSHS unit structure.

2.3. Analytical calculation of the dispersion relation of an equivalent
mass—spring lattice for acoustic metamaterials

The previous section presented a DSHS unit system with a generated evanescent wave in
the intended wave propagation direction for a particular frequency range. It is important
to realize the referred unit cells in an acoustic metamaterials structure. For the sake of
the realization of an acoustic metamaterial structure, we re-investigate the unit 2D mass—
spring lattice system of Fig. @] which converts a propagating wave to an evanescent wave
in the circumferential direction (#). Without loss of generality, the displacements in the
circumferential and radial directions of mass my at the nth and the jth layers are denoted
by ug’j and u; ', respectively. The displacements of mass mso at the nth and the jth layers
are denoted by U;L 7 and v/ , respectively. The circumferential and radial distances between
the masses m; are dy and d,, respectively. The above 2D mass—spring lattice system has
been used to construct the metamaterial and shows the characteristics of many hyperlens
systems. In our study, we reinvestigate this system to present a metamaterial system with
DSHS unit systems.

Fig. 4. Unit 2D mass—spring lattice.
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In accordance to Newton’s law, the governing equations of the unit cell in Fig. Bl in the
f-direction can be written as follows:

82@6(”’].)

n,j n,j n,j n—1,7
my 8gt :SQ(U(S ])—u(g J))—Sl(ué ])—I/(S ])), (10)

821/(”7]') n ] n.j n,j n,jJ
my—b— = Si(uy ™ — ") — Syl — ), (11)
Uén+17j) — e_ikGdQUénJ), Uén_l’j) — e’ik’gdgugnvj)’ ( )
12

Vén“l‘ly]) — e—ikgdgyényj)7 Vén_Lj) — eikgdgl/ényj).

Assuming harmonic motion, u(gn’j ) — uoei(“’t_k"”) and V(Sn’j ) — Voei(“’t_k“’”’) (where ug and vg

are arbitrary numbers, and 7y is the distance in the #-direction), and considering Floquet’s
theory (I2]), the following governing equations can be obtained:

—melu(gn’j) = Sg(y(gn’j) — u((,n’j)) — Sl(u(gn’j) — eikedey(gn’j)), (13)
_ 2 (n,]) — S —ikede (n:]) _ (n,]) _ S (n,]) _ (TL,_]) 14
w mav, 1(e Uy vy ) — Sa(vy uy 7). (14)

Alternatively, these equations can be expressed in a matrix form as

S +S 2 _S +S ikgdg (n,])
(514 52) —wimy - =Sy +5ieWB) | Hup ™ (15)

—(e_ik9d951 + SQ) (51 + 52) - W2m2 Vé(,n’j)

The dispersion relationship can be obtained by solving the eigenvalue problem of (I3 as
follows:

—m1m2w4 + (ml + Tng)(Sl + SQ)L«)Q = 25152(1 — COS(k@dg)), (16)
4 2
COS(kgdg) _ 25159 + mimow (m1 + mg)(Sl + Sz)w ' (17)
25155

To achieve an imaginary wave number ky, or an evanescent wave, the following condition
should be satisfied:

25159 + m1m2w4 — (m1 + mg)(Sl + SQ)w2

Condition 1: 55,5, < -1, (18)
4 2
Condition 2: 22152 T mamaw 2[;”:;1 ma)(S1 4 S)e” (19)
122

If an angular frequency w is chosen to satisfy conditions (I8) or (1), the wavevector kg
becomes a pure imaginary value, or the wavevector acquires a negative value. The left-hand
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sides of the above equations can be rewritten in a summarized form as

L4 mymagw!  (my +my)(S1 + Sp)w?
25152 25152

S
1 mi\° my )\ 4 Si
+2< Sl> < 52> v S, (20)

Applying the conditions Sy < S, w1 = /S1/m1 and wy = /S2/mq to the above equation

leads to,
L (@Y (@)t ma)e? 1)
2 w1 w9 52 .

Since the angular frequency w is small, w/w; and w/wy are smaller than 1. Thus, the w* term

can be neglected. In the actual model in Fig. ] the coefficient of w?, namely, %(MlW)Q, is

equal to 6 x 10715, whereas the coefficient of w?, (mlsitm), is 1.14. Therefore, the coefficient
of w* is much smaller than the coefficient of w?, and the w* term can be neglected.

Furthermore, if the stiffness value S5 is much smaller than Si, as shown in Fig. [B] then
the above conditions can be further simplified as follows:

255 — (mq + mg)wz

kodg) = 22
cos(kody) 25, (22)
Alternatively, Eq. [22)) can be derived by assuming uén’j ) = V(Sn’j ) based on the posed
assumptions in Fig. Bl Equations (I3]) and (1)) can then be written as follows:
. wzmluémj) _ _SQ(uénJ) _ eikedQUén’j)), _w2m2uén,j) _ SQ(e—z‘kedeuénJ) . uén,j)).
(23)

0 -direction

r-direction

j+1 —

I

j

Fig. 5. Working principle of the DSHS in the circumferential and the radial directions.
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Addition of the two equations in (23]), the following equation can be derived,
o w2(m1 + mz)ug%j) — _2S2u§”7j) + Sz(eik(ade + e—z’kade)ué”:j)
= —28,(1 — cos(kodg))ui™. (24)

All the parameters of the above equation have positive values. In order to realize a metama-
terial structure with imaginary wavevectors, the following conditions should be optimized.

w>2d—ji—, (25)
mi + ms

285 — (mq + mg)w2
259

By [24)-26)), the circumferential wavevector ky acquires a pure imaginary value in specific
frequency range.

cos(kpdy) = < —1. (26)

2.4. Acoustic metamaterial system with DSHS structures

It is possible to engineer an acoustic metamaterial equivalent to the lattice model in Fig. E.
In Sec. 22l the DSHS system is defined as a 1D mass—spring system. Based on the definition
of the hyperlens, the hyperlens structure must be based on anisotropic material properties.
Therefore, to realize an acoustic hyperlens with a DSHS system, an anisotropic mass—
spring system should be designed. However, as the acoustic masses and the acoustic springs
should be realized, this would require a complex geometry. To simplify the problem, we have
noticed in the previous section that the stiffness value of S5 is much smaller than S5, thereby
allowing the possible simplification of the wave equation in the circumferential direction, as
illustrated in Fig. Bl In other words, the spring with stiffness S can be regarded as a rigid
bar in the circumferential direction. We thus present the following acoustic metamaterial
in which the circumferential wave cannot propagate, in comparison to the radial wave that
can propagate. From an acoustics point-of-view, the neck of the resonator represents a
corresponding mass, and the cavity of the resonator represents a spring. Therefore, the
mass—spring system in Fig. [B] can be realized by the acoustic system in Fig.

The acoustic hyperlens system in Fig. [6(b) is not uniform in any layer because the
shape of DSHS is spherical. However, if this layer is laminated, each layer has the same
shape. Therefore, this acoustic system can be uniform in the z-direction, and this acoustic
system can be considered as a 2D system. Without loss of generality, the following values are
used for the geometric parameters considering the overall size of the acoustic metamaterial
hyperlens. The equivalent masses and the springs of the acoustic metamaterial hyperlens
can thus be expressed as follows:

2 2
pcwy pccha
my = phywy, mg = phywy, S1= N , S = A ; (27)
(hawy) (hzws)
Sl S2
Wresonance-radial = /) Wresonance-circumferential = . (28)
m m1 + ma
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periodic boundary

Air W h, 12
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Bloch-Floquet
periodic boundary

w,/2
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Fig. 6. Unit lattice of an acoustic metamaterial hyperlens using DSHS: (a) unit lattice (hy = 1.1 X
1072m, ho = 1/3x1072m, h3 =4x1072m, hy = 4x10 2 m,w; = 0.25x 1072 m, wp = 1.65x 10~ 2 m, w3 =
4 %1072 m,wy =5 x 1072 m, air density = 1.24 kg/m?, air sound speed = 343 m/s), (b) acoustic metama-
terial using unit lattice with mass-spring system of Fig. Bl

It is then found that use of the geometric values listed in Fig. [f] that the resonant
frequencies of the radial and the circumferential directions of the unit lattice in Fig. [0]
are approximately 5170 Hz and 3854 Hz, respectively. In the dispersion equation, the wave
propagation can be defined in accordance to Eq. (). In terms of material mechanics, media
in nature cannot have negative mass densities. Based on the definition of the hyperlens, the
shape of EFC must be hyperbolic. Therefore, in the case of the hyperbolically shaped EFC
represented by Eq. (B)), as shown in Fig. [l{b), the wavenumber kg should acquire imaginary
values. This means that the wave along the r-direction is always a propagation wave, and

40 ‘ ‘ ‘ ‘
30 \;261080;6 s — 2610.8(?6 ’—”/—}2610.8;06 7
. : o eihe 23635146
S 20 2;63.5145 — 2363,5146 ~] %363 5146
B_Iogh-FI oquet Acoustic Rigid \\211622;1 | //211622317
periodic boundary Air 10 3 s e
kr (l/ m) 0 : :
-10 : . 21162037 <c---|
16228 b 1
-20 ; i 1 S S 1162231 —
1 66— 23635146 —— . !
%0 23635146 ; 51?6 23635146 —
———2610806— | 2610806 \\‘2610,8(‘)6 -
-40 : i
i i
Bloch-Floquet 40 -30 20 -10 0 10 20 30 40
periodic boundary k, (1/m)

(a) (b)
Fig. 7. EFC of the present unit cell. (a) FE simulation conditions and (b) EFC contour.
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the wave along the f-direction is always an evanescent wave. This is because the wave along
the #-direction cannot appear even though it always occurs in the r- and #-directions. In
addition, the function of the hyperlens is improved when the EFC is parallel to the kg axis
because the wave always propagates in the r-direction. Comparing these frequency values,
it can be concluded that the performance of the hyperlens at 2600 Hz is not related to
the fundamental frequencies of the radial and the circumferential directions (Bragg gap or
scattering).
All the simulations were completed using the commercial software (COMSOL).

3. Numerical Simulations of Acoustic Metamaterials
3.1. Negative refraction with an acoustic metamaterial

In the previous section, the unit cell of the acoustic hyperlens was approximated by the 2D
anisotropic mass—spring system and its excitation frequency range was analyzed using the
EFC. The acoustic hyperlens has characteristic of negative refraction. Before implementing
the acoustic hyperlens, the negative refraction characteristics should be verified. To show
the applicability of the present acoustic metamaterial, a negative refraction example is
considered in Fig. . Note that the unit structure in Fig. [l is repeated and assembled to
construct the metamaterial array. The plane wave input condition (p = 1N/m?, 2600 Hz)
is defined at the left lower part, and no-reflection boundary conditions are assigned at
the external boundaries. The geometric dimensions are chosen to show the performance
of the present acoustic metamaterial structure. The upper and lower areas of the acoustic
metamaterial structure are filled by air, and the acoustic metamaterial structure is assumed
to be a rigid body.

To explain the results, Fig. 8 is separated in three layers, namely, in a bottom, middle,
and an upper layer. The middle layer refers to the metamaterial’s area, while the area

2.712m

Air
No reflection

/

2.448 m

N

Plane wave (p=1)

% No reflectioi\

Fig. 8. Modeling and boundary conditions for a negative refraction acoustic metamaterial structure.
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Fig. 9. Negative refraction simulations at 2600 Hz with (a) 5 layers and (b) 10 layers.

below it is the bottom layer, and the area above it is the upper layer. Figure [ shows the
two simulation results with 5 layers and 10 layers. The incident (6;) and the reflected angles
(0;) are 45°. The manually measured transmitting wave angle 6(_) is approximately —4°.
From Snell’s law, the refraction index can be calculated in accordance to

sin GZ

ng = Nq (29)

sin @,

The incident angle (6;) and the reflected angle (6,) are 45°. The manually measured trans-
mitting wave angle 6(_y is approximately —4°. From Snell’s law, the refractive index of the
acoustic metamaterial structure is approximately npyper = —10.137, thereby showing nega-
tive refraction in the middle layer. Based on Eq. (2], the negative refraction phenomenon
occurs when only one wavevector acquires imaginary values because the wave direction has
to reverse in that case. Therefore, in accordance to Fig. [, the wavevector in the z-direction
is imaginary owing to the DSHS, while the wavevector in the y-direction is real. As expected,
the wave in the z-direction is an evanescent wave owing to the DSHS array that acquires
imaginary values, and the wavevector in the x-direction that has nonzero real numbers.
Conversely, the wave in the y-direction is real and can propagate.

Note that by increasing the number of layers, the amplitude of the transmitted wave
decreases, but the transmitted wave angle (6_)) is not significantly altered. Figure [[0]shows
three simulation results at different incident wave angles, namely, at 50°, 55°, and 60°.
Interestingly, the transmitted wave angles vary from —2.5°, 0°, and 3.3°, respectively. This
is owing to the anisotropic characteristics of the metastructure. The unit cell of the acoustic
hyperlens was approximated by the 2D anisotropic mass—spring system, and the driven
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Fig. 10. Refraction angle with respect to different incident angles for an incident wave at a frequency
of 2600 Hz.

frequency range of the metastructure was analyzed using the EFC. Before implementing an
acoustic hyperlens with negative refraction, the following example shows the characteristics
of the negative refraction of the present metastructure and derives the relationship between
the angles of the incident and refracted waves using EFC analyses.

The EFC that shows the propagating wave direction can explain these anisotropic char-
acteristics. The wave propagates in the perpendicular direction to the EFC contour. Fig-
ure [[Tlshows the EFC contour with the same incident angles as those in Fig. The lattice
constants in the z- and the y-directions are a and b, respectively. The wavevector can be
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Fig. 11. EFC at different incident angles. The dotted lines represent the directions of the incident wave. The
arrows in the expanded figure of the EFC represent the directions of the diffraction wave.

decomposed into x and y components using the incident angles to construct a straight line in
k-space. As shown in Fig.[I1], the transmitted angles in the present acoustic metamaterial of
—1.9°, —0.3°, and 2.6°, can be obtained by first finding the intersection of the line in k-space
with the EFC, and by determining the angle of the k-space vector that is perpendicular to
the EFC at the point of intersection, thus matching the results shown in Fig.

In addition, Fig. shows the relationship between the negative refractive index and
the excitation frequency. In Fig. [I0(b), a transmitted angle with a value of zero is observed

Negative
refraction wave

LS refraction wave
o

RS

Incident wave

Reflection wave Reflection wave

(a) (b)

Fig. 12. Acoustic wave refraction at different excitation frequencies: (a) 2100 Hz and (b) 2300 Hz (the bold
arrows represent the wave directions in the actual simulation, and the dotted arrow represents the wave
direction expected by Snell’s law).
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Fig. 13. EFC results at different excitation frequencies. The dotted lines represent the directions of the
incident waves. The arrows in the expanded figure of the EFC represent the directions of the diffraction
wave.

at 2600 Hz for an incident wave at an angle of 55°. This interesting phenomenon can also
be explained by the EFC of Fig. As shown, the negative refraction angles at 2100 Hz
and 2300 Hz are —16.7° and —6.8°, respectively, which demonstrate the frequency depen-
dence of the refracted waves.

Based on Snell’s law in a homogeneous medium with a circular EFC, the incident and
the transmitted angles must always be the same. The present metastructure in Fig. [[Z]
shows how refraction depends on the incident wave angle. Considering the influence of
the refractive index and Snell’s law, the following small angle formulation can be used to
estimate the angle in accordance to,

Ot real = et_origin — 01— 0y and et_origin = 0;, (30)

where 0 and 0y are the first and the second refraction angles. From the numerical experi-
ment in Fig.[[2(a), 01, 02, and O a1, are —16.7°, 2.9°, and 68.8°, respectively. In Fig. [2(b),
01, 02, and O yea1, are —6.8°, 0.8°, and 61°, respectively.

3.2. Acoustic metamaterial hyperlens configuration

Using the metamaterial structure developed in Fig. [6] it is possible to make an arc-shaped
acoustic metamaterial hyperlens, as shown in Fig. [[8l The dimensions of the unit cells are
slightly different, depending on their locations. The present acoustic hyperlens is constructed
by stacking 40 layers of unit cells in the radial direction. The number of unit cells in the
circumferential direction is the same in all 20 layers. Since the size of the unit cell in the
20th layer is twice the size of the unit cell in the first layer, the number of unit cells in
the circumferential direction is doubled from the 21th layer onwards. Because the driven
frequency range is defined by the EFC, and the EFC varies depending on the shape of
the unit cell, it is necessary to check whether there is a difference in the driving frequency
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Fig. 14. EFCs of unit cells in the (a) first and (b) 20th layers.

between the EFC of the first layer and the EFC of the 20th layer. The EFC of the unit cell
of the first and 20th layers are shown in Fig. [T4],

In Fig. [[4] the excitation frequency layers of the first and 20th layers are similar. There-
fore, the layered acoustic hyperlens can operate at 2600 Hz. In order to test the performance
and characteristics of the hyperlens, two-point sound sources are located at the bottom of
the arc-shaped acoustic hyperlens. Setting the distances of the point sound sources to be
smaller than the diffraction limit, wave propagation phenomena are simulated, and the
characteristics of the hyperlens can thus be studied. In this simulation, the diffraction limit
is 6.5 cm for 2600 Hz.

In Fig. [, the parameters of the unit cell should be different in each layer because
the circumferential length changes in each layer. To ensure validity of this argument in

42.84 (m)

Far-fieldarc |
‘R 68.554 (m)

74.97 (m)

R1.02+051n,, (m)
Naer =1 2, -+ ,40 B

R1.02 (m)

Fig. 15. Dimensions of the acoustic hyperlens region.

1850025-18



J. Theor. Comp. Acout. Downloaded from www.worldscientific.com
by UNIVERSITY OF CALIFORNIA @ BERKELEY on 08/02/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

An Acoustic Hyperlens with Negative Direction Based on DSHS

MR WK1 =GN
(T s

| v

Fig. 16. Parameters of the acoustic hyperlens unit cell in each layer (H = h1+hy, Az = (Nayer — 1) H tan a).

the semicircular annulus of Fig. [I5, the unit cells should be curved, and the geometric
parameters should be changed accordingly, as shown in Fig.

In Fig. [I6], the total height of the unit cell is H, the number of layers is Nlayer, and the
cavity rotation angles on both the left and right sides are equal to a(= 1.87°), respectively.
If the number of layers is higher than 20, the rotation angle should be changed to half of
its value from the 21st layer onwards.

For the metamaterial analyses, an infinite repeating unit cell is assumed. However, in
real engineering applications, a finite unit cell size should be used. To analyze the effect
of the number of layers in the acoustic metamaterial, the wave propagation analyses are
performed by varying the number of the layers from 3 to 5, as shown in Fig. [H. The
acoustic pressure distribution is calculated at the far-field arc of Fig. It is noticed

Acoustic pressure Acoustic pressure distribution

m b

0.23

bt =
P ]
ey =]

e
ra

Absoulute Pressure (Pa)

018 vl L L vl L L i L L
0 100 200 300 400 500 600 700 800 900 1000

Arclength (cm)

(a)

Fig. 17. Acoustic pressure distributions as a function of the number of DSHS layers. (a) Three layers and
(b) five layers.
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Fig. 17. (Continued)

that owing to the impedance differences, the acoustic pressures of the developed acoustic
metamaterial are decreased by increasing the number of layers. It is observed that the ripples
of the acoustic wave in the circumferential direction are decreased by increasing the layer
numbers.

R 3.06m

R 1.02m Two point sources

(a)

Fig. 18. Wave propagation results for the two sound sources separated by 2 cm and excited at 2600 Hz. (a)
The acoustic wave propagation (a) without and (b) with the hyperlens.
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(b) (c)
Fig. 18. (Continued)

For the hyperlens application example, Fig. [I8 shows the wave separation example
with 50 layers using two sound sources separated by 2cm. Without the hyperlens, the two
sources cannot be distinguished, but with the hyperlens they can be separated, as shown.
This example shows the potential application of the proposed acoustic metamaterial.

4. Conclusions

This research presented a new acoustic metamaterial using the repeated DSHS structure.
A metamaterial offers an interesting solution to overcome the diffraction limit by trans-
forming evanescent waves that allow the imaging of subwavelength features of an object
into propagating waves. Therefore, many numerical and experimental studies can be pur-
sued. This research presented a new subwavelength acoustic metamaterial system with
repeated DSHS unit cells that elicited an effective negative bulk modulus. According to
the dispersion relation, to implement the acoustic hyperlens, one of the wavevectors should
be imaginary. To analyze the frequency range in which the wavevector had an imaginary
value, a 2D anisotropic mass—spring system was designed. Based on the analyses of this 2D
mass—spring system, we identified the frequency range that could represent the performance
of the acoustic hyperlens. This 2D mass—spring system was approximated by an acoustic
system that was used to implement the acoustic hyperlens. In the process of verifying the
performance of such an acoustic hyperlens, we discovered a new refraction phenomenon
whereby deviations from Snell’s law were documented. Correspondingly, we proposed a new
refraction formula that defined the phenomenon based on EFC analyses. To construct the
continuous and periodic structure in some sense, the 2D mass—spring lattice was reana-
lyzed and the two approximations postulated for the metamaterial were carefully realized
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in the constructed unit cells of this acoustic metamaterial. The potential applicability of
the proposed hyperlens was also presented, and the function of the proposed hyperlens was
verified by changing the distance between the two sound sources. The presented acoustic
metamaterial can overcome the diffraction limit and can distinguish sound sources that
are closer than the diffraction limit in conventional media. Future work will focus on the
implementation and manufacturing of the developed metamaterial configuration, while new
research will focus on the reduction of the impedance mismatches to decrease damping.
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