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Abstract
The present research develops a new density filter in topology optimization considering the coating structure. The coating
structure refers to a uniform thickness structure covering the surface of a substrate structure and it is one of the important
manufacturing techniques for the decorative or the functional purpose. In order to find out topological designs with the
coating structure, this study develops a new density filter approach by multiplying the modified density design variables
and the original design variables. Compared to the other approaches, this density coating filter uses simple averaging or the
p-norm of the neighborhood densities to find out the envelope of the substrate, and we propose to multiply the modified
densities and the original densities to define the uniformly thick coating layer. By modifying the radius of the envelope, it is
possible to modify the thickness of the coating layer. Several numerical examples are presented to demonstrate the validity
and effectiveness of the present coating filter scheme.

Keywords Topology optimization · Coating · Density filter · p-norm approach

1 Introduction

This paper presents a new coating filter in the topology
optimization framework by combining the modified density
design variables and the original design variables. Figure 1
sketches the substrate and the coating structure at the
surface of the substrate of interest for the decorative or
functional purpose (Møller and Nielsen 2013; Shchukin and
Möhwald 2013). The coating structure can be found in
many engineering application areas. After engineers design
the substrate structures without considering the effects of
the coating, additional materials are deposited, painted, or
added with a controlled thickness using a simple brushing or
an expensive machinery in electronic companie (Møller and
Nielsen 2013; Shchukin and Möhwald 2013). To consider
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this coating issue from structural optimization viewpoint,
we can regard the coating and its design as a manufacturing
constraint and can consider the effect of the coating layer
on stiffness. In other words, it may be possible to design
a mechanical system considering the effect of the coating
(Deaton and Grandhi 2014). This paper presents a new
coating filter to find out an optimal substrate structure and
the coating layer with a controlled thickness by combining
the existing filtering techniques. To prove the concept of the
present approach, several topology optimization examples
are solved.

After the development of the concept of topology opti-
mization, several creative innovative structural optimiza-
tion methods such as the SIMP (solid isotropic material
with penalization), the level-set approach, the moving mor-
phable component, the element connectivity parameteriza-
tion approach, and the deep learning-based approach have
been developed (Bendsöe and Kikuchi 1988; Wang et al.
2003; Xia et al. 2012; Zhang et al. 2018; Moon and Yoon
2013; Yu et al. 2019). Without the a priori given optimal
topology, the topology optimization scheme can provide
new and unanticipated optimal layouts for complex engi-
neering structures, and has been widely applied for mul-
tiphysics systems (Yoon 2010; Jensen and Sigmund 2011;
Yoon 2016; Evgrafov et al. 2008; Papoutsis-Kiachagias and
Giannakoglou 2016; Yoon 2012; Deaton and Grandhi 2014;
Ha and Cho 2005; Alexandersen et al. 2012; Dede et al.
2014; Tsuji et al. 2006; Xie and Steven 1993; Zhang et al.
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Fig. 1 A coating structure (coating and substrate layers); the
tribological properties of a substrate, as well as the stiffness, can be
improved with surface coating

2018; Yoon 2014; Xia et al. 2012). In topology optimization,
the design variables assigned to each cell or the elements
of the finite element models or the finite element volume
interpolate the material properties of the physical equations
of interest. The most straightforward interpolation scheme
is the SIMP scheme (Bendsöe and Kikuchi 1988). Inspired
by the pioneer studies (Clausen et al. 2015; Wang and Kang
2018; Yoon 2013), the present study tries to contribute
a topology optimization research considering the uniform
coating layer.

The coating techniques in tribology are intriguing sub-
jects for exploration in their own right, but the impetus
for investigating the microstructure and developing inno-
vative materials comes mainly from the vision of innova-
tive materials/structures and bio-inspired materials. With
the help of the coating technology, a structure with auto-
matic functionality called smart coating was proposed
(Shchukin and Möhwald 2013). An ultralight metallic mate-
rial was developed from the polymer as a complex sub-
structure (Schaedler et al. 2011). With a recent develop-
ment in 3D printing technology or additive manufacturing
technology, the bone-like structure and hollow-shell struc-
ture can be manufactured (Tofail et al. 2018; Wang et al.
2005). Wang et al. (2013) presented a new method for
inner truss optimization based on sparsity analysis. Lu et al.
(2014) presented a hollowing optimization method based
on the Voronoi diagram for an optimal interior tessella-
tion with a large strength-to-weight ratio. Clausen et al.
(2015) proposed an optimization method considering the
coated structure with a solid shell and an inner uniform
lattice structure. Wu et al. presented a density-based opti-
mization method with a local volume constraint to design
both the coating and the infill structure to minimize the
compliance of the structure using the gradient norm-based

coating structure (Wu et al. 2018; Wu et al. 2017). The
computation of the gradient is complex, and exactly approx-
imating the maximum of the gradient norm may be difficult.
An efficient level-set-based method with the coating layer
and a shell-infill structure was developed (Wang and Kang
2018; Fu et al. 2019; Fu et al. 2019). The coating struc-
ture or technology also provides an innovative approach
to mitigate the mechanical merits of substrate and coating
structures to make a cost-effective structure. For instance, it
was mentioned that bone-like structure, in-fill structure, or
hollow-shell structure can be regarded as a coating structure.
Furthermore, with the development of additive manufactur-
ing technology, complex structures can be fabricated (Wang
and Kang 2018).

In the present study, the thickness of the coating layer
is on the order of that of the substrate structure using the
topology optimization scheme and the contribution of the
coating structures in terms of stiffness is not negligible.
Therefore, the topology optimization problems minimizing
the compliance subject to the mass constraint and their
optimal layouts are influenced by the consideration of the
coating structure or the layered structure. To implement
this coating idea, this study applies the filtered design
variables defining the coating layer in Fig. 2. The idea
was first proposed by Yoon (2013) to accommodate the
porous material design in an acoustic topology optimization
problem. However, the exact sensitivity analysis was not
derived and a heuristic approach in optimization was
employed. In the present study, we expand the concept and
derive the exact sensitivity for the topology optimization
problem with the coating.

The rest of this paper is organized as follows. Section 2
describes the basic equations for the structural optimiza-
tion problem. Section 3 develops a new coating filter and
discusses its application. Section 4 presents several numer-
ical examples to show the advantages and disadvantages of
the present coating filter with topology optimization prob-
lems. Section 5 presents the conclusions and suggests future
research.

2 A new density filter for the coating
structure

2.1 Problem definition: linear elasticity equation
and topology optimization

Some optimal layouts that result from the topology opti-
mization mainly considering the performance of the struc-
ture subject to several constraints need some postprocessing
for the manufacturing (Li et al. 2016; Sato et al. 2017;
Langelaar 2016). A topologically optimized design can
contain somehow complicated geometric features to be
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Fig. 2 A new density coating
filter. a The outer coating filter
operator and b the inner coating
filter operator

manufactured through viable manufacturing techniques or
can be too expensive to be manufactured. Indeed, some
geometrical modifications of the native optimal layouts by
the topology optimization scheme are required, which can
degrade the performance significantly. Therefore, the local
or global geometrical constraints should be added in the for-
mulation of the topology optimization but this poses obsta-
cles to the realization of successful and stable mathematical
formulations.

To develop a coating density filter, the topology
optimization problem minimizing compliance subject to
the mass constraint is considered here with the SIMP
interpolation function. The governing equation for solving
the equilibrium equation on the domain Ω is given as
follows:

∇ · σ (u) + b = 0 inΩ (1)

where the Cauchy stress tensor, displacement vector, and
body force are denoted by σ , u, and b, respectively. The
Neumann boundary condition alongside ∂ΩN and the

Dirichlet boundary condition alongside ∂ΩD are described
as follows:

σ · n = f on∂ΩN

u = 0 on∂ΩD (2)

where f and n denote the surface traction and the unit normal
vector. The constitutive matrix is denoted by C. The linear
strain ε and stress σ relation are assumed.

σ = Cε (3)

The finite element procedure is applied for computing
structural displacements. After that, the following topology
optimization problem can be formulated.

Min
γ

c = FTU

Subject to V(γ̂ , γ ) � V0

K(γ̂ , γ )U = F, γ̂ = Φ(γ )

Φ : Coating filter, γ = [γ1, γ2, γ3...γnel] (4)

where the stiffness matrix, displacement, and force vectors
are denoted asK, U, and F, respectively. The filtered design
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variable with the coating density filter is denoted by γ̂ and
the number of design variable is denoted by nel. The mass
of the substrate and the allowed maximum mass are denoted
by V and V0, respectively. The independent mass constraint
for the coating mass is hard to consider with a gradient
optimizer as the coating structure only appears when the
substrate exists. Furthermore, the perimeter of the substrate
structure determines the mass of the coating layer. Note
that the mass of the substrate is constrained as the present
study tries to model coating as protected layers. In case
of shell-infill or infill lattice, the masses of the substrate
and the coating become important. Solving the compliance
minimization problem considering the coating structure,
the mass constraint should be carefully formulated. In
the present study, the mass constraint for the substrate
structure is considered for the constraint of the optimization
formulation. Depending on the engineering specifications,
it is possible to modify the optimization formulation and
the constraint. The above stiffness matrix with the density
design variable and the auxiliary variables defining the
coating layer can be constructed as follows:

K(γ̂ (γ ), γ )U = F,K(γ̂ (γ ), γ ) =
nel∑

e=1

ke(γ̂e, γe) (5)

where the element stiffness ke is interpolated with the
stiffness matrices of the substrate, ksubstrate, and the coating
layer, kcoating , as follows:

ke(γ̂e, γe) = ksubstrateγ
n
e + kcoatingγ̂

nc
e (6)

The penalization factors of SIMP are denoted by n and
nc. Then, the determination of γ̃e satisfying the non-
overlapping area with the area of the substrate structure
and the uniform thickness layer on the surface of the
substrate structures is important for topology optimization
with the coating layer. To enable the use of a gradient-
based optimizer, the sensitivity values of the objective and
the constraint with respect to the eth design variable can be
computed as follows:

dc

dγ
= ∂c

∂γ
+ ∂c

∂γ̂

∂γ̂

∂γ
(7)

∂c

∂γ
= −UT ∂K

∂γ
U,

∂c

∂γ̂
= −UT ∂K

∂γ̂
U (8)

dV

dγ
= ∂V

∂γ
+ ∂V

∂γ̂

∂γ̂

∂γ
(9)

The above gradient values can be efficiently obtained
with any differential density filter. Then, the optimization
problem can be solved with a finite element strategy using a
gradient-based optimizer. For the topology optimization, it
is crucial to interpolate the material properties with respect
to the continuous density variable in the SIMP method to
avoid the discrete 0-1(void or solid) optimization problem.

2.2 A new density filter for external coating

On the basis of the multimaterial interpolation in topology
optimization modified for the geometry constraint for the
coating in Fig. 2, we propose to interpolate the element
stiffness matrix with respect to the design variable in (10).

ke(γ̂e, γe) = ksubstrate · γe
n + kcoating · {

γ̂e

}nc

γ̂e =
{˜̃γe × (1 − γe)

}

ke(γ̂e, γe) = ksubstrate · γe
n + kcoating ·

{˜̃γe × (1 − γe)
}nc

(10)

where the eth element stiffness matrix, substrate-element
stiffness matrix, and coating-element stiffness matrix are
denoted by ke, ksubstrate, and kcoating , respectively. The
two penalization factors, i.e., n and nc, are employed for
SIMP penalization factors. The penalization factor,n, is set
to a real value higher than 3 and the factor nc is set to
a real value higher than 7. One of the unique features of
the present interpolation function in (10) is that the com-
bination of the filtered design variable and the original
design variable defines the stiffness matrix. The eth design
variable, γe, determines whether a material exists at the
corresponding spatial finite element. The auxiliary design
variables, γ̂e, determine the existence of the coating layer;
˜̃γe will be defined later. The idea using the above inter-
polation function was originally proposed (Yoon 2013) but
with the heuristic sensitivity analysis. This study derives the
exact sensitivity for the compliance minimization problem
considering the coating layer. Depending on the require-
ment, we can manipulate the combinations to develop the
coating layer in topology optimization.

Now, the formulation defining ˜̃γe will be presented.
The variable ˜̃γe should be ones (solid or coating) inside
the constant-radius offset with a distance of the coating
thickness of a substrate structure defined by γ and zeros
(void) elsewhere. For this purpose, we propose to use the
following nonlinear mapping with the density filter.

Density filter : γ̃ = ΦOuter (γ )

s − shape function:̃̃γ = Ψs(γ̃ ) = 1

(1 + exp(a(γ̃ − b)))

(11)

For the density filter, the following average filter, the weight
sum filter, and the p-norm filter are proposed and tested
here.

Average filter:ΦOuter (γ ) =
∑

e∈Neighborγe

Nneighbor

(12)

Weight sum filter:ΦOuter (γ ) =
∑

e∈Neighborwe × γe∑
e∈Neighborwe

we = distance (13)
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p − norm filter:ΦOuter (γ ) =
(∑

e∈Neighbor
γ

p
e

) 1
p

(14)

where the set of neighbor elements of the eth element inside
a circle with a τradius radius is denoted by Neighbor and
the number of the neighbor elements is Nneighbor . After
these density filter processes, the s-shape function’s main
purpose is to develop the filtered design variables γ̃ to ones
or zeros (Yoon and Kim 2003). Any s-shape function can
be employed and this study employed the function with
the exponent in (11) with the parameters a determining
the slope of the curve and b determining the cutoff value
(Yoon and Kim 2003). For example, we consider the 180 ×
180 pixel image in Fig. 3a containing thin lines, thick
lines, circles, cup, and triangles. First, the coating filter
with the combination of the average filter and the s-shape
function is tested. The coating structures appear in Fig. 3b–
d with some different parameters of the s-shape function.
As illustrated in Fig. 3, the coating structures with unique
thickness can be observed. With the averaging density filter,
a smaller value should be used for the cutoff value, b.
Figure 4 shows the application for the weighting sum filter.
Note that, unlike the weight averaging filter for topology
optimization, the weight values are set to the distance values
meaning that the design variables far from the center are
emphasized. The present study finds out that it is also

Fig. 3 Example of the present coating filter. a An original 180 × 180
pixel layout, the coating (averaging filter) with τradius = 5 pixels with
b a = −30, b = 0.5, c a = −90, b = 0.5, and d a = −90,b = 0.1

Fig. 4 Example of the present coating filter. a An original 180 × 180
pixel layout, the coating (weight sum filter) with τradius = 5 pixels
with b a = −30, b = 0.5, c a = −60, b = 0.1, and d a = −90,
b = 0.1

possible to use the p-norm to find out the envelope of the
design variable. Originally, the p-norm was used to find
out the approximated maximum stress values in topology
optimization. Recently, the application of this p-norm in
the density filter was proposed (Langelaar 2018). Figure 5
shows the coating structures with the p-norm of the density
variables. As the p-norm of the design variables in (14) is an
approximated maximum density, the coating filter is robust
to parameters a and b. To show the detailed procedure of
Fig. 2a, the intermediate processes are plotted in Fig. 6 with
the p-norm approach.

2.3 Extension for the internal coating

In the above subsection, the coating filter was newly
developed. One of the geometrical constraints of the
developed filter is that the coating structure appears at the
outer surface of the substrate structure. As an extension
of this filter, the inner coating filter can be defined by
modifying the above filter. In other words, rather than
applying the density filter to γ for the coating layer, the
density filter can be applied to 1 − γ to define the coating
layer. As the filtered values define the inner envelope,
it can be used for the coating layer defined inside the
structure. The other processes are identical to those of the
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Fig. 5 Example of the present coating filter. a An original 180 × 180
pixel layout, the coating (p-norm filter) with τradius = 5 pixels p = 5
with b a= −30, b =0.5, c a= −60, b= 0.5, and d a= −30, b= 0.1

outer coating filter and the interpolation formulation can be
summarized as follows:

ke(γ̂e, γe) = kstructure · γe
n + kcoating · {

γ̂e

}nc

γ̂e = ˜

˜(1 − γe) × γe (15)

Figure 7 shows the layout obtained by the inner coating
filter with the original image. For a member thinner than
5 pixels, the inner coating structure occupies the member,
while for a member thicker than 5 pixels, the offset structure
appears. Therefore, it is possible to consider this filter to
find out an optimal layout with the inner coating structure.

To test the present filter with gray elements (between 0
and 1), Fig. 8 shows the images filtered by the outer filter
and the inner filter (the p-norm filter with a = −60 and b =
0.5) with the image with gray values. With the intermediate
design variables, the coating filter can successfully define
the coating layer. When the design variables have small
values, i.e., at the top of the triangle, the coating layer does
not appear.

2.4 Optimality condition for the coating structure

The changes in the optimal layouts considering the uniform
coating structure or the layered structure should be consid-
ered. Not to mention, as the coating structure of a given
structure will contribute to the stiffness of the integrated
structure (the substrate and the coating layer), the optimal-
ity condition or the optimal layout may be subject to a
change. The changes in terms of layout or overall stiffness
value can be dramatic with a large compliance ratio, i.e.,
the stiffness ratio of the representative stiffness values of
the coating structure to the substrate structure. On the other
hand, the changes may be marginal with a small ratio. In the
case of marginal difference, it may be possible to conduct
the structural optimization neglecting the contributions of
the stiffness of the coating structure and the uniform coat-
ing structure can be added later alongside the substrate

Fig. 6 Detailed procedure of
Fig. 5(c)
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Fig. 7 Example of the inner coating (p-norm filter with τradius =
5 pixels with a = −30, b = 0.5)

structure. If the stiffness contribution of the coating struc-
ture is significant, the analysis considering the geometrical
constraints of the coating and the stiffness contribution
should be conducted. The stiffness values of the substrate
and coating structures are a function of Young’s modu-
lus, Poisson’s ratio, and geometric thickness values, and the
strong structure should sometimes appear internally to min-
imize the compliance or maximize the stiffness for a given

Fig. 8 Example with gray elements. a An original 180 × 180 pixel
layout, b–c images with the outer and inner coating filters (p-norm
filter with a = −60, b = 0.5)

load. This implies that the optimization problem should
consider not only the stiffness but also the geometrical
condition, i.e., the coating structure should appear at the
outer boundary of the hosting structure. A more adequate
explanation of this aspect is to consider a simple concep-
tual optimization example with the structure in Fig. 9 to
determine the optimal material distributions of the weak
and strong materials for a simple clamped boundary con-
dition and the point tension force condition. The structures
that have the mass ratio do not necessarily have the same
compliance. Indeed, if we pursue the global optimum mini-
mizing the compliance subject to the mass constraint with-
out any local or global geometrical condition, the structure
whose internal structure is filled with the strong material
(Fig. 9(b:right)) becomes the optimal layout in case of the
tension or the compression loads. With the bending load,
the structure whose outer structure is filled with the strong
material (Fig. 9(c:left)) becomes the optimal layout; note
that the stiffness values can be changed depending on the

Fig. 9 a Compliance comparison with strong material (50 %) and
weak material (50 %), b comparison with case 1, and c comparison
with case 2 (for the compliance minimization problem, a lower
compliance is achieved with a strong material inside)
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moduli and the coating thickness of the coating and sub-
strate materials. We claim that this aspect influences the
topology optimization considering the coating. With the
stiffness of the coating structure smaller than that of the
hosting structure, the tension force is mainly supported by
the substrate structure, while the coating structure appears
alongside the substrate structure. However, when the stiff-
ness of the coating structure is larger than that of the hosting
structure, we observe the opposite situation, i.e., the coating
structure becomes an internal structure bearing the load and
the hosting structure should be an auxiliary structure.

To have an optimum structure whose hosting structure
appears internally and the coating structure appears along-
side the hosting structure, an additional constraint or penal-
ization is needed. With a large stiffness of the coating struc-
ture, we propose the following continuation interpolation
function.

ke(γe) = ksubstrate · γe
n + kcoating ·

{˜̃γe · (1 − γe)
}nc

×
(
min

(
1,

Optimization Iteration

Normalization Factor

))niter

(16)

For niter , a real value between 3 and 5 gives reasonable
results. The normalization factor is set to the maximum
optimization iteration.

3 Optimization results

To prove the concept of the present coating scheme, this
section solves two-dimensional compliance minimization
problems with the coating layer. To check whether the

Fig. 10 An optimization procedure

Fig. 11 A rectangular box with a point load (L= 4 m, H=1 m,
thickness =1 m, δ=0.16666 m, F= 2 N, densities of the substrate and
the coating= 1 kg/m3)

present scheme can successfully coat a substrate structure
with the prescribed coating thickness, different thickness
values for the coating layer are also tested here.With a larger
Young modulus and a larger thickness of the coating layer,
the stiffness value of the coating layer influences the optimal
layout dramatically. All finite elements and the optimization
are implemented in the framework of MatLab. To solve the
optimization problem, the method of moving asymptotes
(MMA) algorithm is used (Svanberg 1987). Note that the

Fig. 12 The optimization result with 3-pixel coating and Ecoating= 0.1
N/m2; a optimized design (compliance= 117.2621 J (107.9951 J for
the substrate and 9.2670 J for the coating layer), Esubstrate= 1 N/m2,
Ecoating= 0.1 N/m2, p = 6, a = −30, b = 0.5, V0 = 30 %, the mass
of the coating= 21.7881 %), b the substrate structure, and c the coating
structure (coating thickness= 0.0333 m or 3 pixels)
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Fig. 13 Details of Fig. 12 with
the coating with 3 pixels: a
regions of interest, b detail of
region 1, c detail of region 2,
and d detail of region 3

original design variable γ defines the substrate and the
auxiliary design variable γ̂ defines the coating layer around
the substrate. The present study uses the gradient filter with
the radius 1.5 × element size to remove the checkerboard
pattern. The overall procedure is illustrated in Fig. 10.

3.1 Example 1: a rectangular box with a point load

First, the problem (a rectangular domain with a point load)
in Fig. 11 is considered. The design domain (4 m × 1
m) for the substrate structure is discretized by 360 × 90
linear plane stress finite elements with the extended domain
offsetting the design domain with a uniform distance
(0.1667 m or 15 finite elements) for the coating structure.
This uniform coating thickness layer is added to allow the
development or appearance of the coating structure when
the substrate material appears near the boundary of the
design domain (the internal area in Fig. 11).

Figure 12a shows the optimal layout with 117.2621 J for
the problem with the uniform thickness coating layer with
0.0333 m line width or 3 pixels of the finite elements. To
represent the substrate structure and the coating structure
simultaneously, the substrate structure is rendered by gray
color and the coating structure is rendered by black color
in Fig. 12a. Figure 12b and c separately plot the sub-
strate structure and coating structure, respectively. Fig. 13
shows the three detailed features of the coating structure in
Fig. 12. As illustrated, the uniform-coating-thickness struc-
ture (0.0333 m or 3 pixels) can be obtained by the present
topology optimization method. Figure 14 shows the
convergence history of 500 iterations (normalization fac-
tor = 300). The compliance contributions of the substrate
structure and the coating structure are also computed and
plotted together in Fig. 14b. The optimization process first
minimizes the compliance mainly from the substrate struc-
ture. In the beginning of the optimization, the effect of the
coating layer is diminished with uniform distributions of the
design variables. After a few iterations, the coating struc-
ture starts to appear and its contribution to the compliance

Fig. 14 Optimization history of Fig. 12 with coating thickness=0.0333
m or 3 pixels
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Fig. 15 Optimization result with 5-pixel coating and Ecoating= 0.1
N/m2. a The optimized design (compliance= 109.2656 J (94.8433 J for
the substrate and 14.4132 J), Esubstrate= 1 N/m2, Ecoating= 0.1 N/m2,
p= 6, a = −30, b= 0.5, V0= 30 %, the mass of the coating= 37.4140
% ), b the substrate structure, and c the coating structure (coating
thickness=0.0556 m or 5 pixels)

increases. Similar to conventional coating structures used to
prevent corrosion with small contributions to the stiffness,
the contribution of the coating structure in this example is
about 7.9 %(107.9951 J for the substrate and 9.2670 J for
the coating layer). Figure 15 shows the optimal layout with
uniform-thickness-coating structure (0.0556 m or 5 pixels).
Compared to the design in Fig. 12, the overall layout is sim-
ilar but with a thicker coating structure. Figure 16 shows
the detailed geometries of the optimized structure and note
that the uniform coating thickness structure appears suc-
cessfully. Due to the reinforcement of the coating structure,
the compliance is also reduced to 109.2656 J (94.8433 J
(86.8190 %) for the substrate and 14.4132 J (13.1921 %) for
the coating layer).

Fig. 17 Optimization result with 3-pixel coating and Ecoating= 2
N/m2. a The optimized design (compliance= 50.1400 J (24.0620 J
from the substrate, 26.0780 from the coating), Esubstrate= 1 N/m2,
Ecoating= 2 N/m2, p= 6, a = −30, b= 0.5, V0= 30 %), b the substrate
structure, and c the coating structure (coating thickness= 0.0333 m or
3 pixels)

In the above problems, Young’s modulus of the coating
structure is set to 0.1 N/m2 with different coating thickness
values; the contribution of the coating layers is less than
14%. These results show that the present coating filtering
is effective for designing the coating structure in topology
optimization. To test the effect of the stiffness of the coat-
ing layer, Fig. 17 shows the optimal layout for the beam
problem with uniform thickness coating with Ecoating= 2
N/m2. The overall layout is similar to the design with
Ecoating= 0.1 N/m2 but with some detail differences. In
Fig. 17b and c, some interesting geometric features (named
as the cheetah pattern here) with small dots representing
the substrate structure and the surrounding coating struc-
tures can be observed. The dotted structure in the substrate

Fig. 16 Details of Fig. 15 with
the coating with 5 pixels: a
regions of interest, b detail of
region 1, c detail of region 2,
and d detail of region 3
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Fig. 18 Details of Fig. 17 with
the coating with 3 pixels: a
regions of interest, b detail of
region 1, c the detail of region 2,
d detail of region 3, and e detail
of region 4

material appears and the associated coating structure
emerges alongside the substrate material in Fig. 18e as the
local stiffness value of the composite structure (substrate
structure and coating structure) and its contribution to the
global compliance becomes significant. Although these pat-
terns appear to be another type of the checkerboard pattern
caused by the finite element analysis error, they appear due
to the benefit in terms of the stiffness. This phenomenon
becomes significant for the truss members whose stiffness
for the compression or tension force is important, as shown
in Fig. 19. Indeed, the optimizer distributes the small dots
to develop a repeated substrate structure and the coating
structure, as shown in region 4 of Fig. 18. This result shows
that the presented optimization algorithm can reflect the
physical phenomenon in consideration of the stiffness of
the outer structure (coating structure). These cheetah pat-
terns become dominant with a thicker coating structure as
illustrated in Fig. 20 and Fig. 21.

Figures 22 and 23 show the optimal layouts with
Ecoating= 100 N/m2and Ecoating= 1000 N/m2, respectively.
Because the stiffness of the coating layer increases, the

cheetah pattern appears more clearly. To the best of our
knowledge, the cheetah pattern is not related to the accu-
racy of the finite element method such as the checkerboard
pattern or the hinge pattern. From the manufacturing view-
point, this pattern can be cumbersome. To resolve this issue,
the penalization of the cheetah pattern is required. In the
present study, we tested the following optimization formu-
lation with the perimeter of the substrate, i.e., ‖∇γ ‖ (Wang
and Kang 2018). With this formulation, it is possible to find
out one of the Pareto optima suppressing the appearance
of the cheetah pattern.

Min
γ

c = FTU + α‖∇γ ‖
Subject to V ≤ V0 (17)

where the weighting factor is denoted by α. By solving the
above optimization formulation, the complex boundary of
the substrate or the perimeter can be penalized and it is
possible to obtain an optimal design with a less complex
pattern. To test this formulation, the example in Fig. 23 is
solved with a value of 0.2 for α. With the inclusion of this

Fig. 19 Appearance of the
cheetah pattern (the dotted
structure and the surrounding
structure)
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Fig. 20 Optimization result with 5-pixel coating and Ecoating= 2
N/m2. a The optimized design (compliance= 39.8375 J (15.5014 J
from the substrate, 24.3361 J from the coating), Esubstrate= 1 N/m2,
Ecoating= 2 N/m2, p = 6, a = −30, b= 0.5, V0= 30 %), b the substrate
structure, and c the coating structure (coating thickness= 0.0556 m or
5 pixels)

perimeter in the objective function, the solution in Fig. 24
without the cheetah pattern can be obtained but with 2.3969
J for the compliance higher than the original compliance,
1.3790 J.

As discussed in the previous section, the inner coating
scheme can also be applied using the present filtering

Fig. 22 Optimization result with 3-pixel coating and Ecoating= 100
N/m2. a The optimized design (compliance= 4.6531 J (2.1796 J from
the substrate and 2.4735 J from the coating), Esubstrate= 1 N/m2,
Ecoating= 100 N/m2, p = 6, a = −30, b= 0.5, V0=30 %, the mass of
the coating= 28.0031 %), b the substrate structure, and c the coating
structure (coating thickness= 0.0333 m or 3 pixels)

scheme in Fig. 2. Figures 25 and 26 show the optimized
designs with the inner coating filter. The optimizer designs
the sparse truss-like structures and the inner coating
structures to minimize the objective function. Unlike the
outer coating scheme, the mass constraint enforces the total
mass of the substrate and the coating structures.

Fig. 21 Some details of Fig. 17
with the coating with 5 pixels: a
regions of interest, b detail of
region 1, c detail of region 2 , d
detail of region 3, and e detail of
region 4
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Fig. 23 Optimization result with 3 pixel and Ecoating= 1000 N/m2.
a The optimized design (Compliance= 1.3790 J (0.8816 J from
the substrate and 0.4974 J from the coating), Esubstrate= 1 N/m2,
Ecoating= 1000 N/m2, p= 6, a=-30,b= 0.5, V0= 30 % the mass of
the coating= 41.2623%), b the substrate structure, and c the coating
structure (coating thickness= 0.0333 m or 3 pixels)

3.2 Example 2: cantilever beam problem

For the second example, the cantilever beam problem in
Fig. 27 is solved with the present coating filtering scheme.

Fig. 24 The box example of Fig. 23 with the perimeter of
the optimization formulation in (17). a The optimized design
(compliance= 2.3969 J (1.6805 J from the substrate and 0.7163 J from
the coating)), b the substrate structure, and c the coating structure
(coating thickness= 0.0333 m or 3 pixels)

The optimization processes are carried out with different
Young’s moduli and a 3-pixel coating layer, as shown in
Fig. 28. As observed in the first example, the present coating
filter scheme successfully finds out the coating structure,
as well as the inner substrate structure, by minimizing the
compliance. With a higher stiffness value for the coating
layer, the repeated cheetah patterns can also be found in
the designs (Fig. 28b and c). Depending on the values
of the stiffness of the coating layers, the compliances are
changed dramatically. Note that the compliance minimiza-
tion problem with coating has several local optima and the
material distributions at the first optimization iterations are
important in terms of the optimized layout with the coating
structure.

3.3 Example 3: a rectangular domain with pressure
load

For the last example, the rectangular domain (1 m × 1
m and the outer domain for the coating layer) with the
uniform pressure load at the top surface of the domain
in Fig. 29 is solved. The thickness of the outer domain
of the design domain is set to 5 pixels or 0.0168 m.
The optimization results with 3-pixel and 5-pixel coating
layers are presented in Figs. 30 and 31, respectively. The
optimization formulation is also minimizing the compliance
subject to the mass constraint of the substrate structure. All
examples show that the substrate structures are coated with
the prescribed thickness coating layers. When the stiffness
of the coating structure with a lower Young modulus is
comparably low, the optimal layouts without the cheetah
pattern can be obtained. By increasing the stiffness value of
the coating layer or Young’s modulus, the cheetah patterns
appear again. With an extreme case with 1000 N/m2, the
entire domain is filled with the cheetah patterns (Fig. 31c).
We observe that the “coating” or the related structure or
technique in the industry does not consider the stiffness
of the coating layer and it is common to design without
considering the stiffness contribution of the coating layer to
the substrate structure. After finishing the detailed design
for the substrate structure, a very thin coating layer, with
negligible stiffness, is added to protect the corrosion and the
erosion. When the stiffness contribution of the coating layer
cannot be negligible, we should consider the stiffness effect
of the coating layer. The current optimization scheme can
then be used to design an optimal layout considering the
coating layer stiffness.

4 Conclusions

The present study develops a new density filter for the
coating and presents its usage for structural topology

1539



G. Ho Yoon and B. Yi

Fig. 25 The box example with the inner coating filter (Esubstrate= 1
N/m2, Ecoating= 0.1 N/m2, p= 6, a= -30, b= 0.5, V0= 30 %). a An
optimal design with coating thickness= 0.0333 m or 3 pixels (compli-
ance= 119.0542 J, the mass of the substrate= 10.6133 %, the mass of

the coating= 19.3867%) and b an optimal design with coating thick-
ness= 0.0556 m or 5 pixels (compliance= 116.1250 J, the mass of the
substrate= 3.7887 %, the mass of the coating= 26.2113%)

optimization minimizing the compliance subject to the
mass constraint. The consideration of the manufacturing
constraint becomes important in topology optimization
research and we regard the topology optimization with the
coating as an optimization with a special manufacturing
constraint (an optimization considering the stiffness effect
of the coating layer). The coating structure does not mean
that the uniform thickness is simply added on the surface
of the substrate structure. Rather, the stiffness effect of the
coating layer should be considered during the optimization.
However, its realization in topology optimization is a
difficult job. This study develops a new density coating filter
approach to consider the coating structure. Compared to the
other approaches, this density coating filter uses a simple
averaging or the p-norm of the neighborhood densities for
the envelope with a constant thickness and we propose to
multiply the modified density and the inverted density, i.e.,

1 − γ , to define the coating layer. By changing the design
variable to the inverted design variable, the inner coating
scheme is also developed. Three compliance minimization
problems are solved to demonstrate the validity and
effectiveness of the present coating filter. The designs
obtained with the coating filter suggest that the present
approach enables us to efficiently obtain optimal layouts
with the coating structure. Depending on the magnitude of
Young’s modulus of the coating structure and the prescribed
thickness, the ratio of the strain energies of the substrate
and the coating varies dramatically; in some conventional
coating applications to hazard environment, the stiffness
contribution of the coating layer is negligible. As the present
coating filter is based on the size of the finite element mesh,
the optimized layouts are dependent on the mesh. In the
future, the extension of the coating scheme for irregular
meshes or shell elements can be conducted.

Fig. 26 The box example with the inner coating filter (Esubstrate= 1
N/m2, Ecoating= 1000 N/m2, p= 6, a= -30, b= 0.5, V0= 30 %). a An
optimal design with coating thickness= 0.0333 m or 3 pixels (compli-
ance= 0.1724 J, the mass of the substrate= 6.2681 %, the mass of the

coating= 23.7319%) and b an optimal design with coating thickness=
0.0556 m or 5 pixels (compliance= 0.1520 J, the mass of the substrate=
4.8821 %, the mass of the coating= 25.1179 %)
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Fig. 27 The cantilever problem definition (L = 2 m, H= 1 m,
thickness = 1 m, δ= 0.3330 m, F = 1 N, 180 × 90 discretization,
densities of the substrate and the coating= 1 kg/m3)

5 Replication of results

In order to help understand the content and replicate the
results, a code (coating.m) and an example file are available

Fig. 29 Pressure example with the coating filter (a problem definition
L= 1 m, H= 1 m, thickness =1 m, δ= 0.0333 m, pressure= 300 N/m2,
300 × 300 discretization, densities of the substrate and the coating= 1
kg/m3)

as supplementary material for the filtering in Fig. 5. After
the understanding the coating approach, the finite element
analysis, the sensitivity analysis, and the optimization
process can be implemented.

Fig. 28 Cantilever example with
the coating filter (Esubstrate= 1
N/m2, p= 6, a= -30, b= 0.5, V0=
30 %, coating thickness=0.0333
m or 3 pixels). a An optimal
design (Ecoating= 0.1 N/m2,
compliance= 104.6716 J, the
mass of the coating= 19.6050
%), b an optimal design
(Ecoating= 100 N/m2,
compliance= 3.2124 J, the mass
of the coating= 24.3407 %), and
c an optimal design (Ecoating=
1000 N/m2, compliance= 0.7223
J, the mass of the coating=
23.7314 %)
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Fig. 30 Optimization results
with 3-pixel coating layer
(Esubstrate= 1 N/m2, p= 6,
a = −30, b=0.5, V0= 30 %). a
An optimal design (Ecoating=
0.1 N/m2, compliance= 3.8619
×105 J, the mass of the coating=
11.5626 %), b an optimal design
(Ecoating= 2 N/m2, compliance=
1.9555 ×105J,the mass of the
coating= 10.5507 %), and c an
optimal design (Ecoating= 1000
N/m2, compliance= 4.3817×103

J, the mass of the coating=
32.6268 %)

Fig. 31 The optimization results
with 5-pixel coating layer
(Esubstrate= 1 N/m2, p= 6,
a = −30, b= 0.5, V0= 30 %,
coating thickness=0.0556 m or 5
pixels, densities of the substrate
and the coating= 1 kg/m3). a An
optimal design (Ecoating= 0.1
N/m2, compliance= 3.6913
×105 J, the mass of the coating=
19.6050 %), b an optimal design
(Ecoating= 2 N/m2, compliance=
1.5590 ×105J,the mass of the
coating= 24.3407 %), and c an
optimal design (Ecoating= 1000
N/m2, compliance= 1.0266×103

J,the mass of the coating=
23.7314 %)
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