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Abstract
In this study, the penetration behavior of a cone-shaped projectile into granular particles was analyzed using simulations
based on the discrete element method (DEM). The rate-independent friction force and inertial drag force proportional to the
squared projectile velocity are the principal force terms that interact between the projectile and the particles. Simulation results
show that the friction force and inertial drag force follow the power law with respect to penetration depth and have changing
tendencies before and after the complete penetration of the projectile into particles. Based on the results, a mathematical
model is proposed to simplify the force terms using the penetration depth, projectile tip angle, and projectile length. The
simplified force terms are physically explained using changes in the projectile–particle contact area and the fluidization of
particles during dynamic collisions. Experiments were conducted using steel projectiles and ABS plastic beads to verify the
accuracy of the mathematical model for real-life cases. The results of this study validate the proposed mathematical model of
the rate-independent friction force and inertial drag force regarding the cone-shaped projectile behavior during penetration
into granular particles.

Keywords Granular particle · Cone-shaped projectile · Discrete element method · Rate-independent friction force · Inertial
drag force

1 Introduction

The present study analyzes the penetration behavior of a
cone-shaped projectile into granular particles and proposes
a mathematical model for the force terms involved in projec-
tile penetration. The principal force terms during penetration
are the rate-independent friction force and inertial drag force
proportional to the squared projectile velocity. Discrete ele-
ment method (DEM)-based simulations were conducted to
consider inter-particle interactions during the penetration
process. Based on the results, a mathematical model was
proposed to simplify the force terms using the penetration
depth, projectile tip angle, and projectile length. The sim-
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plified terms are physically explained using changes in the
projectile−particle contact area and the fluidization of parti-
cles during dynamic collisions. Experiments were conducted
using steel projectiles and ABS plastic beads to verify the
accuracy of the proposed mathematical model.

The impact phenomena of objects on a granular bed can
be found in various engineering cases and have been an
important subject in terms of experiments and simulations.
Relevant research on engineering applications has been done
to evaluate contact models for agricultural granular mate-
rials [1], investigate track ballast−train wheel interaction
[2], analyze track−soil traction [3], and model wet soil
tillage processes [4]. To understand the statistical phenom-
ena involved with the principle force terms and predict the
complex and random nature of granular particles, studies
have considered the static friction force between particles and
objects in contact [5–9]. Studies have also been conducted
on inertial drag and energy dissipation phenomena during the
collision of objects with particles [10–13]. Based on the anal-
yses of the principal force terms, various studies have been
conducted to investigate the factors affecting the penetration
behavior of projectiles. In [14], projectileswith various heads
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Fig. 1 Investigation of cone-shaped projectile behavior during penetration into granular particles

were considered to evaluate the effect of projectile density
on particle penetration. Projectile geometry was considered
in [15, 16] to investigate the shape dependence of the pen-
etration of projectiles and the formation of impact craters.
Analyses of the effects of moisture in granular beds [17]
and irregular particle geometries [18] on penetration tenden-
cies have also been conducted. Furthermore, research has
been conducted to verify the effect of crater depth [19] and
the wall effect [20] on projectile penetration. Using vari-
ous factors affecting the penetration behavior, studies have
been conducted to propose mathematical models related to
the penetration processes into granular particles. The force
law regarding the inertial drag force was proposed in [21],
and the relationship between penetration depth and projectile
drop distancewas investigated in [22, 23]. The overall impact
and penetration models for spherical and cylindrical pro-
jectiles were proposed and evaluated in [24–27]. Although
relevant studies have been conducted to analyze the related
force terms involved during penetration processes and sug-
gest collision models for various penetration cases, limited
studies have been conducted on cases of cone-shaped pro-
jectiles. Moreover, previous models have shown limitations
in considering changes in penetration behaviors for different
penetration stages, as evaluated in [28, 29]. They considered
the entire penetration process using a single model. Thus,
this study aims to analyze the cone-shaped projectile behav-
ior during penetration into granular particles and propose a
mathematicalmodel for the fundamental force terms, consid-
ering the changes in behavior for different penetration stages.

The present study aims to analyze the penetration behavior
of a cone-shaped projectile into granular particles, as shown
in Fig. 1, and propose a mathematical model for the force
terms associated with projectile penetration. The interaction
force between the projectile and granular particles comprises
a static friction force independent of the projectile velocity
and an inertial drag force proportional to the squared pro-
jectile velocity. DEM-based simulations were conducted to
acquire the friction force and inertial drag force data with
respect to changes in the projectile penetration depth while
considering the inter-particle interactions during the pro-
cess. Considering the differences in velocity dependence,
the friction force was computed using consistent penetra-
tion under quasi-static conditions, whereas the inertial drag
force was computed using dynamic collision analysis. Pro-
jectiles of various tip angles and lengths were considered
during the simulation to identify the effects of these param-
eters. A mathematical model was proposed based on the
results to simplify the friction force and inertial drag force
using the penetration depth, projectile tip angle, and pro-
jectile length. The changing tendencies before and after the
complete penetration were also considered in the model. In
addition, cases involving particleswith various diameters and
densitieswere conducted to verify that the penetration behav-
ior remains consistent regardless of particle properties. The
proposed model is physically explained using the changes
in the projectile−particle contact area throughout the pene-
tration process and fluidization of particles during dynamic
collisions. Experiments were conducted for validation by
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dropping steel projectiles onto ABS plastic beads. A high-
speed camera and laser distance meter were used to track
the projectile position at each observed time frame and mea-
sure the final penetration depth. The change in penetration
depth over the penetration time period and maximum pene-
tration depth valueswere acquired from the experiments. The
experimental valueswere comparedwith the numerically cal-
culated values using simplified force terms to validate the
accuracy of the proposed mathematical model in real-life
cases.

The remainder of this paper is organized as follows.
Section2 explains the penetration theory considering gran-
ular particles and the DEM method. Section3 provides
the background for the simulation setup and the numerical
methodology for processing the force terms involved dur-
ing projectile penetration. Section4 presents an analysis of
the simulation results to propose a mathematical model for
force terms. Section5 presents an experimental verification
of the proposed model. Finally, conclusions are presented in
Sect. 6.

2 Formulation

2.1 Penetration theory

The penetration theory that considers granular particles sug-
gests a phenomenological model in which the interaction
force between the projectile and granular particles comprises
a static friction force independent of the projectile veloc-
ity and an inertial drag force proportional to the squared
projectile velocity. Thus, the total drag force exerted on a
penetrating projectile can be formulated based on the phe-
nomenological model [24, 25] as follows:

Fd = f (z) + h(z)v2 (1)

where Fd , f (z), and h(z)v2 denote the total drag force
exerted on the penetrating projectile, friction force, and
inertial drag force, respectively. The penetration depth and
velocity of the projectile are denoted as z and v, respectively.
The friction force is rate-independent of the penetrating pro-
jectile velocity. The local friction force between the particles
and the projectile can be formulated based on the penetration
model [30] as follows:

dF = αμi (ρgz)dA (2)

whereF,α, andμi denote the local friction force, experimen-
tal coefficient, and internal friction coefficient, respectively.
The gravitational loading pressure is denoted by ρgz, where
ρ and g denote the particle density and gravitational acceler-
ation, respectively. The total rate-independent friction force

is determined by integrating over dA, which is an infinitesi-
mal area element that points normal to the projectile surface.
Note that the friction between the granular particles and
projectile acts normal to their surface of contact. Thus,
the rate-independent friction force f (z) can be determined
by calculating the gravitational loading pressure exerted by
granular particles in the direction perpendicular to the surface
of the penetrating projectile. The friction force can be fitted
to the power of the penetration depth based on the simulation
and experimental data [31] using fitting parameters a and b
as follows:

f (z) � azb (3)

For the inertial drag force, the following governing equa-
tion was considered:

∑
F = ma = mg − f (z) − h(z)v2 (4)

where the projectile mass and acceleration are denoted as m
and a, respectively. The kinetic energy of a projectile K is
defined as follows:

K = 1

2
mv2 (5)

By differentiating the kinetic energy with respect to the pen-
etration depth z and substituting it into Eq. (4), the governing
equation is computed as follows:

dK

dz
= mg − f (z) − 2h(z)

m
K (6)

The solution to the above differential equation for the pro-
jectile can be obtained [32] as follows:

K (z) = He− ∫ 2h(z)
m dz

H =
∫

[mg − f (z)] e
∫ 2h(z)

m dzdz + K0 (7)

where the kinetic energy when z=0 is denoted by K0. With
two different free-fall heights, the following equations can
be formulated:

Ki (z) = Hie
− ∫ 2h(z)

m dz

Hi =
∫

[mg − f (z)] e
∫ 2h(z)

m dzdz + Ki0

K j (z) = Hje
− ∫ 2h(z)

m dz

Hj =
∫

[mg − f (z)] e
∫ 2h(z)

m dzdz + K j0 (8)

where Ki and K j are the kinetic energies of an identical
projectile dropped at free-fall heights hi and h j (hi > h j ),
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respectively. The kinetic energies of the projectile when z=
0 are denoted by Ki0 and K j0. By obtaining two different
kinetic energies with different impact velocities, the above
equation can be further summarized as follows:

Ki (z) − K j (z)

Ki0 − K j0
= e− ∫ 2h(z)

m dz (9)

The kinetic energies Ki (z) and K j (z) were formulated, and
their values became zero at the final penetration depths zmax,i

and zmax, j , respectively. Using a numerical approach, it was
possible to obtain the projectile velocities with respect to the
penetration depth. Piece-wise interpolations were employed,
and the curveswere resampledwith equal penetration depths.
Thus, the subtraction of the square velocities can be com-
puted for the integration of h(z) as follows:

∫ z

0
h(z)dz = −m

2
ln

[
v2i (z) − v2j (z)

v2i0 − v2j0

]
(10)

This equation can be simplified by finding the fitted curves
based on experimental data [33] using fitting parameters c
and d as follows:
∫ z

0
h(z)dz � czd (11)

This fitted function is applicable to general cases, even for
penetration depth values larger than zmax, j and zmax,i . By
substituting Eqs. (3) and (11) into the rate-independent fric-
tion and inertial drag forces in Eq. (7), nonlinear equations
can be derived to determine the maximum penetration depth
zmax as follows:

∫ zmax

0

(
mg − azb

)
e
2czd
m dz = −K0 (12)

Note that the equation for the maximum penetration depth
has a solution in terms of an incomplete gamma function.

2.2 Discrete element method (DEM)

To analyze the cone-shaped projectile behavior during pen-
etration into granular particles, large-scale simulations were
performed using the discrete element method (DEM). The
DEM simulation was performed using ABAQUS software.
In the simulation, granular particles were set as discrete ele-
ments, and the projectile was modeled as a rigid body using
the finite element method (FEM). The particle−projectile
interactions were based on a hard contact model for rigid
bodies. Particle−particle interactions were based on the con-
tact force adopted by the Hertz–Mindlin model. A schematic
of the contact model is shown in Fig. 2, where the model was
composed of a spring, damper, and friction slider.

Fig. 2 Schematic of the Hertz–Mindlin contact model

As the discrete numerical model for granular particles
comprises forces in normal and tangential directions [34–
37], the intergranular normal and tangential elastic forces
based on theHertzian andMindlin–Deresiewiczmodelswere
considered in the contact processes. Nonlinear normal and
tangential damping forces were also considered to account
for energy dissipation during penetration. The contact forces
were formulated as follows:

Fn = −Fe
n + Fd

n (13)

Ft = min
{
μFn, F

e
t + Fd

t

}
(14)

Fe
n = Knδn = 4

3
E

√
Rδ3n (15)

Fe
t = Ktδt = 8Gδt

√
Rδn (16)

Fd
n = −Cnv

rel
n = 2

vreln ln ε√
ln2ε + π2

√
5

6
MKn (17)

Fd
t = −Ctv

rel
t = 2

vrelt ln ε√
ln2ε + π2

√
5

6
MKt (18)

where Fe and Fd denote elastic and damping forces, respec-
tively. The subscripts n and t indicate normal and tangential
components, respectively. The penetration depth during the
overlap of particles, elasticity constant, damping constant,
and relative velocity of the particles are denoted by δ, K , C ,
and vrel , respectively. The restitution coefficient is denoted as
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ε. The equivalent Young’s modulus, shear modulus, radius,
and mass are denoted as E ,G, R, and M , respectively. Simu-
lations were conducted to analyze the penetration behaviors
of cone-shaped projectiles based on the particle interacting
forces in the contact model.

3 Numerical methodology

3.1 Simulation setup

The initial properties of the granular particles and the param-
eters of the contact model were set as listed in Table 1. In the
DEM simulation, the particles were initially modeled with
a PD3D element with 6mm diameter, 1200 kgm−3 density,
2500 MPa elastic modulus, 0.4 Poisson’s ratio, and 0.9 resti-
tution coefficient. The projectile wasmodeled as a rigid body
having properties of steel with 7930 kgm−3 density. The
friction coefficients of the Hertz–Mindlin and hard contact
models were set to 0.25. A gravity load was applied to ensure
free-fall of the projectile and static state of granular particles
when no contact was made. The repose angle of the defined
particle system was evaluated as 21.47◦ using the following
formulation [16]:

tanθr = 0.14

z

(
ρp

ρ

)1/2

D2/3
p (ht )

1/3 (19)

where θr , z, ρp, Dp, and ht are the repose angle, penetration
depth, projectile density, projectile diameter, and total drop
distance.

The positioning of granular particles and utilized projec-
tiles is shown in Fig. 3. Projectiles with fixed lengths of
30mm and tip half-angles of 25◦, 30◦, 35◦, 40◦, and 45◦ were
compared to investigate the effect of the projectile tip angle
on penetration behavior. Projectiles with fixed tip half-angles
of 30◦ and lengths of 30, 40, and 50mm were compared
to investigate the effect of projectile length on penetration
behavior. Cases involving particles with various diameters
and densities were also conducted to investigate the penetra-
tion behavior under different particle properties. Projectile
with length 30mm and tip half-angle 30◦ was employed for
these cases. For all DEM simulation cases, the base diameter
of the projectile with the largest base area was 60mm. As
the wall effects on granular particle motions become negli-
gible when the container diameter is five times larger than
the projectile diameter [20], the particles were positioned
in a rigid cylindrical container with 300mm diameter and
150mm length.

The overall simulation procedure is illustrated in Fig. 4.
The DEM simulation was performed by setting the total
simulation time and initial parameters, such asmaterial prop-
erties, number of particles, projectile position, and initial

Table 1 Properties of granular particles

Particle initial material properties

Element type Diameter (mm) Density (kgm−3) Elastic Modulus (MPa) Poisson’s ratio Restitution coefficient

PD3D 6.0 1200 2500 0.4 0.9

Particle interaction properties

Particle–Particle Particle–Projectile Particle–Wall/Floor
Contact model Friction coefficient Contact model Friction coefficient Contact model Friction coefficient

Hertz–Mindlin 0.25 Hard contact 0.25 Hard contact 0.25

Fig. 3 Granular particle settings and cone-shaped projectiles with various parameters for DEM simulation
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Fig. 4 DEM simulation procedure

projectile velocity. The time evolution data of the particle
positions, velocities, accelerations, contact forces, and drag
forces were obtained based on the initially defined contact
models andmaterial properties in the simulation. Penetration
analyses were performed based on the setup to obtain friction
force and inertial drag force data.

3.2 Penetration analysis

The rate-independent friction force refers to the gravitational
loading pressure exerted by granular particles in the direction
normal to the projectile surface.When a projectile penetrates
granular particles at a constant velocity, a drag force consist-
ing of the friction force and inertial drag force is exerted

on the projectile. If the projectile velocity is lower than the
critical velocity and results in a quasi-static condition, the
inertial drag becomes negligible. This phenomenon occurs
because the stabilization rate of the particles is faster than the
scattering rate of the particles under quasi-static conditions.
Thus the rate-independent friction force data can be obtained
through simulation by setting the projectile to penetrate the
granular particles at constant velocity lower than the critical
velocity, and the overall process is shown in Fig. 5a. The
critical velocity was formulated as follows [38]:

vc = √
2gD (20)

where vc and D are the critical velocity and particle diameter,
respectively. By substituting the gravitational force value of
9.81 m/s2 and particle diameter of 6mm into Eq. (20), the
critical velocity was calculated as approximately 343mm/s.
To ensure quasi-static conditions, the projectile velocity was
set to 13mm/s throughout the simulation to obtain the rate-
independent friction force data. The data were analyzed to
verify that the rate-independent friction force followed the
power law with respect to the penetration depth.

The inertial drag force is related to the energy dissipa-
tion of the projectile to particles in contact. The process of
obtaining inertial drag force data through DEM simulation
requires more steps than those required for obtaining friction
force data. Referring to Eqs. (9) and (10), the inertial drag
force coefficient can be determined by obtaining the veloc-

Fig. 5 Calculation of forces related to penetration into granular particles usingDEMsimulation. aCalculation of friction force f (z) by implementing
quasi-static condition, and b calculation of

∫
h(z)dz related to the inertial drag force by implementing dynamic collision
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ities of the free-falling projectiles at two different heights.
The subtraction of the square velocities can be computed for
integration of the inertial drag force coefficient. Thus, pro-
jectiles were set to free-fall onto granular particles to obtain
data, and the overall process is shown in Fig. 5b. The free-fall
heights hi and h j were set to 500 and 300mm, respectively,
throughout the simulation. The data were analyzed to verify
that the integral values followed the power law with respect
to the penetration depth.

4 Results and discussion

4.1 Rate-independent friction force

The quasi-static penetration process of the projectile is shown
in Fig. 6. In the figure, the penetration depth and projectile
length are expressed as z and L p, respectively. The cases
z < L p, z = L p, and z > L p indicate partial penetration,
full penetration, and post-penetration processes, respectively.
The projectile velocitywas kept constant at 13mm/s through-
out the penetration process. Owing to the quasi-static nature
of the penetration process, the particles did not disperse after
coming in contact with the penetrating projectile. Based on
the particle velocities, it could be observed that the volume
of the displaced particles changed depending on the pene-
tration process. The range of displaced particles interacting
with the bottom area expanded in volume during partial pen-
etration, resulting in the volume of displaced particles to be
proportional to the third power of the penetration depth. After
complete penetration, the range of displaced particles only
increased vertically above the projectile, while the number
of particles interacting with the bottom area remained con-
stant. This induced the volume of the displaced particles to
increase proportionally to the penetration depth throughout
the post-penetration process.

The simulation data of the changes in rate-independent
friction force with respect to the penetration depth are shown
in Fig. 7. The first two sub-figures in the respective figure
show the results obtained with different projectiles, while
the latter two sub-figures present the results using varying

particles. The results of curve fitting of the simulation data
for the friction force are presented in Tables 2 and 3. Fig-
ure 7a shows the friction force exerted on projectiles with
different tip angles. The projectile length was kept constant
at 30mm. Regions I and II specify partial penetration and
post-penetration steps, respectively. It is noteworthy that the
tendency of the friction force changed when the penetration
depth became 30mm. The force is proportional to the third
power of the penetration depth and is linearly proportional to
the penetration depth during the partial penetration and post-
penetration processes. Moreover, projectiles with larger tip
angles experience a greater friction force, where the force is
proportional to the tangent square of the projectile tip angle
throughout projectile penetration.

Figure 7b shows the friction force exerted on projectiles
with different projectile lengths. The half-angles of the pro-
jectile tip were constant at 30◦. The boundary that divides
regions I and II is different for each projectile owing to their
different projectile lengths. The relationship between the fric-
tion force and penetration depth can also be observed from
this graph. It can also be observed that the friction force dur-
ing partial penetration is identical for all three projectiles.
The friction force varied only after each projectile had fully
penetrated the granular particles. This indicates that the pro-
jectile length affects only the friction force after complete
penetration of the projectiles. Based on the results shown in
Figs. 7a, b, and Table 2, the rate-independent friction force
can be fitted to the power of penetration depth as follows:

f p(z) = a1z
3tan2θ (21)

f f (z) = a2zL
2
ptan

2θ + (a1 − a2)L
3
ptan

2θ (22)

where f p(z) and f f (z) denote the friction force during
partial penetration (z ≤ L p) and after full penetration
(z > L p), respectively. The half-angle of the tip is
denoted by θ . The constants a1 and a2 were calculated as
(1.419±0.144)·10−4 Nmm−3 and (1.634±0.246)·10−4 Nmm−3,
respectively. It is worth noting that the changing relationship
between friction force and penetration depth before and after
complete penetration corresponds to the changing trendof the
relationship between displaced particle volume and penetra-

Fig. 6 DEM simulation process of projectile penetration at quasi-static condition (θ=45◦, L p=30mm, D=6mm, ρ=1200 kgm−3)
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Fig. 7 Calculation of f (z) at low projectile velocity (v=13mm/s). a Projectiles with different tip angles θ , b projectiles with different lengths L p ,
c particles with different diameters D, and d particles with different densities ρ

Table 2 Fitted f (z) for varying projectile parameters

Projectile parameters Fitted curves of f (z)

θ (◦) L p (mm) Region I Region II

25 30 3.699×10−5z3 0.0352z−0.190

30 30 4.882×10−5z3 0.0399z+0.009

35 30 6.251×10−5z3 0.0613z−0.229

40 30 9.157×10−5z3 0.0968z−0.712

45 30 1.442×10−4z3 0.1400z−0.761

30 40 4.708×10−5z3 0.1001z−1.128

30 50 4.459×10−5z3 0.1635z−3.021

tion depth discussed in the previous section. This analysis
is in good agreement with the modified Archimedes’ law
proposed in [40] which states resistance force in quasi-static
condition is linearly proportional to the volume of the dis-
placed granular materials.

To confirm the suitability of the formulations to gen-
eral cases of cone-shaped projectile penetration, cases were
conducted involving various particle properties. These cases
utilized a projectile with length 30mmand tip half-angle 30◦.
Figure 7c shows the friction force exerted by particles with
different diameters while keeping the particle density con-
stant at 1200 kgm−3. Figure 7d presents the friction force
exerted by particles with varying densities, with the diame-
ter fixed at 6.0 mm. In both cases, the relationship between

Table 3 Fitted f (z) for varying particle parameters

Particle parameters Fitted curves for f (z)

D (mm) ρ (kgm−3) Region I Region II

5.2 1200 3.914×10−5z3 0.0324z+0.132

5.6 1200 4.663×10−5z3 0.0356z+0.089

6.0 1200 4.882×10−5z3 0.0399z+0.009

6.4 1200 5.569×10−5z3 0.0418z+0.148

6.8 1200 5.998×10−5z3 0.0444z+0.204

6.0 1000 3.189×10−5z3 0.0369z−0.280

6.0 1100 3.715×10−5z3 0.0389z−0.181

6.0 1300 5.871×10−5z3 0.0448z+0.144

6.0 1400 6.607×10−5z3 0.0470z+0.260

friction force and penetration depth follows the proposed
formulations, where the force is proportional to the third
power of the penetration depth andmaintains a linear propor-
tionality during the partial penetration and post-penetration
processes. The constants a1 and a2 exhibit a linear relation-
ship with both particle diameter and density. Based on the
results shown in Table 3, it can be evaluated that a1 and a2
increase by 3.907·10−5 Nmm−3 and 2.500·10−5 Nmm−3,
respectively, for every 1mm increase in particle diameter.
Additionally, the constants increase by 2.564·10−7 Nmm−3

and 8.417·10−8 Nmm−3, respectively, for every 1 kgm−3

increase in particle density.
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4.2 Physics behind the variation of friction force
with changing contact area

The rate-independent friction force refers to the gravitational
loading pressure exerted by granular particles in the direc-
tion normal to the projectile surface. Thus, the changing
tendency of the friction force with respect to the penetra-
tion depth before and after full penetration can be explained
by the changes in the contact area between the penetrating
projectile and granular particles. An illustration of the con-
tact area between the projectile and particles before and after
full penetration is shown in Fig. 8. The contact area during
partial penetration Ap can be formulated as follows:

Ap = π(z tan θ)
( z

cos θ

)
∝

(
tan θ

cos θ

)
z2 (23)

The pressure in the y-direction was considered considering
the projectile’s penetration direction. Pressure py can be for-
mulated as follows:

py = αμρgz sin θ ∝ z sin θ (24)

The rate-independent friction force was determined by mul-
tiplying the particle contact area and the pressure in the
y-direction. Thus, the frictional force during partial pene-
tration f p(z) can be formulated as follows:

f p(z) ∝ z3 tan2 θ (25)

For cases after full penetration, the contact area A f can be
formulated as follows:

A f = π(L p tan θ)

(
L p

cos θ

)
∝

(
tan θ

cos θ

)
L2
p (26)

Fig. 8 Illustration of changing projectile contact area as a result of
coming in contact with granular particles during partial penetration and
after full penetration

Because of the change in the contact area formulation, the
friction force after full penetration f f (z) is formulated as
follows:

f f (z) ∝ zL2
p tan

2 θ (27)

Note that the pressure formulation was constant for all the
projectile penetration cases. Therefore, the rate-independent
friction force follows the changing power law with respect
to penetration depth, as presented in the previous section.

4.3 Inertial drag force

The dynamic penetration process is shown in Fig. 9. The
projectile was set to free-fall onto granular particles from
heights of 500 and 300mm. Owing to the dynamic nature of
the penetration process, the particles dispersed after com-
ing in contact with the penetrating projectile. Therefore,
the projectile was visible from the top view, even after full
penetration into the granular particles. Based on the parti-
cle velocities, it can be observed that the range of particles
interactingwith the projectile changed depending on the pen-
etration process. Although the range of particle interactions
increased with increasing penetration depth during partial
penetration, it remained constant after complete penetration.
The dynamic collision of the projectile resulted in the disper-
sion of particles, thereby preventing the stacking of particles
onto the penetrating projectile. Moreover, the cavity diame-
ter Dc remained unchanged during the post-penetration step.
This indicates that no interactions occurred on the top area of
the projectile, while the number of particles interacting with
the bottom area was kept constant. Thus, the total number
of particle interactions with the projectile remained constant
throughout the post-penetration process.

The integral of the inertial drag force coefficient was
obtained based on a dynamic penetration simulation. The
simulation data for the changes in the integral value with
respect to the penetration depth and their fitted curves are
shown in Fig. 10. The initial two sub-figures in the given
figure show the results obtained with different projectiles,
while the subsequent two sub-figures present the results
obtained using varying particles. The results of the curve
fitting of the simulation data for the integral of the iner-
tial drag force coefficient are presented in Tables 4 and 5.
Figure 10a shows the results when projectiles with differ-
ent tip angles were simulated. The projectile length was kept
constant at 30mm. Regions I and II indicate partial penetra-
tion and post-penetration processes, respectively. Similar to
the friction force, the integral values showed changing ten-
dencies before and after complete penetration. The integral
of the inertial drag force coefficient was proportional to the
second and first powers of the penetration depth during the
partial penetration and post-penetration processes, respec-
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Fig. 9 DEM simulation process of projectile free-fall from a height of 0.5 m (θ=45◦, L p=30mm, D=6mm, ρ=1200 kgm−3)

Fig. 10 Calculation of
∫
h(z)dz using free-fall of projectile. (a) Projectiles with different tip angles θ , (b) projectiles with different lengths L p , (c)

particles with different diameters D, and (d) particles with different densities ρ

Table 4 Fitted
∫
h(z)dz for varying projectile parameters

Projectile parameters Fitted curves of
∫
h(z)dz

θ (◦) L p (mm) Region I Region II

25 30 1.978×10−5z2 0.00092z−0.0120

30 30 2.622×10−5z2 0.00139z−0.0189

35 30 4.682×10−5z2 0.00172z−0.0105

40 30 6.464×10−5z2 0.00275z−0.0269

45 30 9.235×10−5z2 0.00485z−0.0543

30 40 2.729×10−5z2 0.00303z−0.0819

30 50 2.688×10−5z2 0.00456z−0.1538

tively. Moreover, the value was proportional to the tangent
square of the tip angle throughout the penetration process.

Figure 10b shows the results when projectiles with dif-
ferent projectile lengths were simulated. The projectiles had

Table 5 Fitted
∫
h(z)dz for varying particle parameters

Particle parameters Fitted curves for
∫
h(z)dz

D (mm) ρ (kgm−3) Region I Region II

5.2 1200 2.127×10−5z2 0.00112z−0.0142

5.6 1200 2.407×10−5z2 0.00129z−0.0183

6.0 1200 2.622×10−5z2 0.00139z−0.0189

6.4 1200 2.789×10−5z2 0.00162z−0.0245

6.8 1200 3.295×10−5z2 0.00172z−0.0223

6.0 1000 1.743×10−5z2 0.00114z−0.0184

6.0 1100 2.337×10−5z2 0.00120z−0.0160

6.0 1300 2.963×10−5z2 0.00156z−0.0211

6.0 1400 3.639×10−5z2 0.00161z−0.0137

a constant tip half-angle of 30◦. In addition to the changing
relationship between the integral value andpenetration depth,
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we observed that all projectiles had identical integral values
during the process of partial penetration. The values differed
only after complete penetration of the projectiles. This indi-
cates that the projectile length affects only the integral value
during the post-penetration step. Based on the results shown
in Figs. 10a, b, and Table 4, the integral of the inertial drag
force coefficient can be fitted to the penetration depth power
as follows:
∫

h p(z)dz = c1z
2tan2θ (28)

∫
h f (z)dz = c2zL

2
ptan

2θ + (c1 − c2L p)L
2
ptan

2θ (29)

where
∫
h p(z)dz and

∫
h f (z)dz denote the integral of

the inertial drag force coefficient during partial penetra-
tion (z ≤ L p) and after full penetration (z > L p),
respectively. The constants c1 and c2 were calculated as
(8.740±0.677)·10−5 kgmm−2 and (4.874±0.658)·
10−6 kgmm−3, respectively.

Cases involving various particle properties were con-
ducted using a projectilewith length 30mmand tip half-angle
30◦ to consider randomness of particle materials. Figure 10c
and d shows the results with different particle diameters and
densities, respectively. It can beobserved fromboth cases that
the relationship between integral value and penetration depth
follows the proposed formulations. The constants c1 and c2
demonstrate a linear correlation with both particle diameter
and density. Based on the results presented in Table 5, it can
be evaluated that c1 and c2 increase by 2.190·10−5 kgmm−2

and 1.250·10−6 kgmm−3, respectively, for 1mm increase
in particle diameter. The constants increase by 1.422·10−7

kgmm−2 and 3.917·10−9 kgmm−3, respectively, for every
1 kgm−3 increase in particle density.

Based on the simplified equation, the inertial drag force
coefficient function can be formulated with respect to the
penetration depth as follows:

h p(z) = 2c1ztan
2θ (30)

h f (z) = c2L
2
ptan

2θ (31)

where h p(z) and h f (z) denote the inertial drag force coef-
ficient during partial penetration and after full penetration,
respectively. It can be seen that the coefficient is propor-
tional to the penetration depth during partial penetration, but
becomes independent of the penetration depth after full pen-
etration into the particles.

4.4 Physics behind the variation of drag force with
fluidization

The inertial drag force is related to the energy dissipation
of the projectile to the particles in contact. The changing

tendency of the inertial drag force coefficient with respect to
the penetration depth before and after full penetration can be
explained by the fluidization of granular particles. Impact of
an object with a velocity higher than the critical velocity vc
causes a granular bed to be fluidized and behave like liquid
during the impact [39, 40]. Thus, the inertial drag force for
granular particles and fluids can be expressed as follows:

h(z)v2 = 1

2
Cd(z)μ f Av2 (32)

where Cd(z) and μ f denote the fluid drag coefficient and
density, respectively. The cross-sectional area of the projec-
tile during immersion is denoted as A. Thus, the inertial drag
coefficient during partial penetration h p(z) canbe formulated
as follows:

h p(z) = 1

2
Cd(z)μ f π z2 tan2 θ (33)

The fluid drag coefficient can be formulated as a function of
penetration depth, and experimental studies have been con-
ducted to verify that the coefficient is proportional to the
inverse of the penetrationdepthduring the early stages of pen-
etration [41]. Therefore, the inertial drag coefficient during
partial penetration can be formulated using the penetration
depth and projectile tip angle as follows:

h p(z) ∝ z tan2 θ (34)

Using Eq. (32), the inertial drag coefficient after full pene-
tration h f (z) can be formulated as follows:

h f (z) = 1

2
Cd(z)μ f πL2

p tan
2 θ (35)

After full penetration, the fluid drag coefficient becomes con-
stant and independent of the penetration depth. Thus, the
inertial drag coefficient after full penetration can be formu-
lated using the projectile length and tip angle as follows:

h f (z) ∝ L2
p tan

2 θ (36)

Therefore, the inertial drag force coefficient follows the
changing power law with respect to penetration depth, as
presented in the previous section. The drag force coefficient
is linearly proportional to the penetration depth during par-
tial penetration, and it is independent of the penetration depth
after full penetration.

5 Experimental verification

Experiments were conducted to validate that the friction and
inertial drag forces follow the power law with respect to
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Fig. 11 a Experimental setup for verification of simplified force terms,
b piled beads to measure repose angle, c utilized projectiles with equal
lengths, and d utilized projectiles with equal tip angles

penetration depth. Projectiles were dropped onto granular
particles to obtain penetration depth values. The chang-
ing penetration depth over the penetration time period and
maximum penetration depth values were compared with the
numerically calculated values.

5.1 Experiment setup

The experimental setup is shown in Fig. 11a. ABS plastic
beads with a diameter of 6mm were used as the granular
particles in the experiment. A cone-shaped steel projectile
was fixed and dropped using an electromagnetic holder. A
cylinder guide was utilized to minimize the horizontal move-
ment of the projectile during free-fall onto the particles. The
repose angle of the plastic beads was measured to ensure that
they adequately represent the particle systems used in the
DEM simulations. The piled beads are shown in Fig. 11b,
and the repose angle was measured to be approximately 22◦.
This value closely aligns with the evaluated repose angle of
21.47◦ for the particle system used in the DEM simulation.

As the projectile became undetectable after full penetra-
tion, a bolt was connected to the top of the projectile and a
high-speed camera tracked the end of the bolt to acquire time-
varying penetration depth data. A laser distance meter was
used to obtain maximum penetration depth data. Projectiles
with various lengths and tip angles shown in Figs. 11c and
d were dropped to ensure that the power law model applied
to all penetration cases. At least 20 trials were conducted for
each projectile to obtain accurate and consistent experimen-
tal results.

5.2 Comparison of time-varying penetration depth

A projectile with a tip half-angle of 45◦ and length of 30mm
was used in the experiment. The projectile was dropped
from a height of 0.1 m using an electromagnetic holder and
captured by a high-speed camera. In the data processing pro-
cedure, the projectile positions at each frame were tracked
using the tracker program to mark the projectile positions in
the reference x–y coordinate system, as shown in Fig. 12.
The processed projectile position data allowed the analysis
of the penetration depth over the penetration period.

For comparison with the experimental results, the pene-
tration depth was numerically processed using the simplified
terms of the friction and inertial drag forces. Equation (7)
is used to formulate the projectile velocity in terms of the
projectile kinetic energy and mass as follows:

v(z) =
√
2K (z)

m
(37)

The projectile kinetic energy is expressed using the sim-
plified terms of the friction and inertial drag forces. The
penetration depth over the penetration periodwas determined
using the calculated projectile velocity. The experimental and
numerical results are presented in Fig. 13. Although the final
penetration depth differs slightly by an approximate value
of 1.8 mm, the tendencies of the depth values show great
agreement between the experimental and numerical results
throughout the overall penetration process. This indicates
that the rate-independent friction force and inertial drag force
were accurately simplified to terms related to the penetration
depth values.

5.3 Comparison of maximum penetration depth

To further verify the accuracy of the simplified force terms,
the experiment was expanded to determine the maximum
penetration depths of the various projectiles. Two sets of
experiments were conducted: the first set investigated projec-
tiles with varying tip angles, and the second set investigated
projectiles with varying lengths. In the first set, projectiles
with fixed lengths of 30mm and base diameters of 25, 30,
35, 40, 48, and 60mm were investigated. In the second set,
projectiles with fixed tip half-angles of 30◦ and lengths of
30, 40, and 50mm were investigated. The projectiles were
dropped from a constant height of 0.1 m using the electro-
magnetic holder. The final penetration depths were obtained
by measuring the distance to the top of the projectile using a
laser distance meter.

For comparison with the experimental results, the maxi-
mum penetration depths were numerically processed using
Eq. (12), which uses the simplified terms of the friction
and inertial drag forces. The experimental and numerical
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Fig. 12 Tracking of projectile position at each frame using tracker program (https://physlets.org/tracker/)

Fig. 13 Example of depth versus time of a projectile (θ = 45◦,
L p=30mm) dropped from a height of 0.1 m

results are shown in Fig. 14. Figure 14a shows the results
for the projectiles with different tip angles. The experimen-
tal and numerical results show similar tendencies, where a
projectile with a half-angle of 33.7◦ results in the greatest

maximum penetration depth for both the experimental and
numerical results. The difference between the experimental
and numerical values is the largest for a projectile with a
half-angle of 45◦, where the difference is approximately 1.9
mm. Considering that the projectile is dropped at a height of
0.1 m, the difference in penetration depth of 1.9 mm is rela-
tively small and negligible. Thus, it can be observed from the
results that the experimental andnumerical results are in good
agreement for projectiles with various tip angles. Figure 14b
shows the results for projectiles of different lengths. Both the
experimental and numerical results showed that projectiles
with greater lengths resulted in greatermaximumpenetration
depth values. The difference between the experimental and
numerical values was the largest for projectiles with a length
of 50mm, where the difference was approximately 2.7 mm.
Again, the difference is relatively small compared to thatwith
the droppedheight of 0.1m.Thus, the result shows that exper-
imental and numerical results show agreement for projectiles

Fig. 14 Experimental verification of simplified force terms using maximum penetration depth. a Projectiles with different tip angles θ , and b
projectiles with different lengths L p
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with varying lengths. The experimental results showed that
the simplified force law applies accurately to projectiles with
various tip angles and lengths, where the maximum pene-
tration depths can be accurately predicted using numerical
methods.

6 Conclusions

In this study, cone-shaped projectile behavior during pene-
tration of granular particles was analyzed using simulations
based on the discrete element method (DEM). The interac-
tion force between the projectile and particles comprises a
rate-independent friction force and inertial drag force propor-
tional to the squared projectile velocity. Simulations show
that the friction and inertial drag forces result in changing
behaviors before and after full penetration of the particles.
The friction force was proportional to the third power of the
penetration depth and linearly proportional to the penetra-
tion depth during the partial penetration and post-penetration
processes, respectively. The inertial drag force was linearly
proportional and independent of the penetration depth during
the partial penetration and post-penetration processes. Based
on the simulated results, the force terms were simplified
to the power of the penetration depth, where the projec-
tile tip angle and length were coefficients. The simplified
terms are physically explained using changes in the contact
area and fluidization of particles during dynamic collisions.
To verify the accuracy of the simplified terms, experiments
were conducted to compare the experimental results with
the numerical results processed using simplified terms. The
experiments were conducted by dropping cone-shaped steel
projectiles onto ABS plastic beads to acquire projectile posi-
tion and penetration depth data using a high-speed camera
and laser distance meter. The experimental and numerical
results showgoodagreement in termsof thepenetrationdepth
change over the penetration time period and final penetra-
tion depth values. Thus, the experiment successfully shows
that the simplified force law applies accurately to the pen-
etration behavior of cone-shaped projectiles. In conclusion,
this study proposes and validates mathematical models of
the rate-independent friction force and inertial drag force to
explain the behavior of cone-shaped projectiles during pen-
etration into granular particles.
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