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A B S T R A C T

Vibration isolation is a promise to suppress mechanical vibration from a host structure, similarly, a mechanical
vibration absorber, a simple but effective device to attenuate flexural wave propagation, which has been
implemented in civil and mechanical engineering. This paper presents a type of composite sandwich phononic
crystal to attenuate the flexural wave propagation in a beam structure, which can effectively suppress
mechanical vibration in a broad band gap by repetitively arranging phononic crystal. First, the elastic wave
dispersion characteristic in a composite sandwich beam structure is derived, and a triangular shape phononic
crystal for flexural wave attenuation by taking advantage of destructive interference is presented. Then two
dimensional phononic crystals are designed by assembling four different unit-cells of metabeam. Finally,
numerical experiments are conducted to verify the effectiveness of the proposed mechanical metamaterial
absorbers to attenuate flexural wave propagation, the numerical results indicate that the proposed metamaterial
is of good performance in mechanical vibration suppression, which can effectively mitigate structure vibration
in low-frequency domain than the structure without phononic crystal and single layer metamaterial beam
structure. It is the first attempt to design a mechanical metamaterial absorber with the mechanism of
destructive interference with composite sandwich phononic crystal.
1. Introduction

This research presents flexural wave attenuation in multi-material
metastructure. Mechanical vibration is a prevalent occurrence in na-
ture, extensively observed in domains such as aerospace, railway infras-
tructure, civil engineering, and precision instruments [1–5]. However,
vibrations often lead to product fatigue and reduce the lifespan of
mechanical components. In more severe cases, they can pose substan-
tial risks to life and property safety. Therefore, thoroughly studying
mechanical vibration absorbers to suppress the propagation of flexural
waves in industrial settings holds paramount importance. To contribute
this topic, the multi-material metastructure relying on the destructive
interference phenomenon is presented.

Many relevant researches about metastructure exist. Utilizing the
principle of Bragg scattering and local resonance, the phononic crystal
and metamaterial, a kind of structure with periodically arranged unit
cells [6–8], have received much attention because of their prospec-
tive advantages in acoustic cloaking [9–11], energy harvesting devices
[12,13], and wave manipulation [14]. Inspired by the Maltese-Cross
shape, Panahi et al. [15] numerically and experimentally studied the
wave dispersion characteristics of two types of unit cells, and further
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constructed a metaplate to suppress the wave propagation in plate. Li
et al. presented a pressure-resistant cylindrical shell cover comprising
graded zero Poisson’s ratio metamaterials for vibroacoustic attenuation
in [16]. In [17–19], topology optimization is introduced to improve
phononic crystal band gap design, which can effectively attenuate
wave propagation by reasonably distributing two different materials.
Liu et al. [20] presented a gradient-based method to manipulate the
wave propagation in one-dimensional structure, which not only can
increase the bandgap width but also the wave propagation speed
can be further controlled. Li et al. [21] proposed a new topology
optimization pipeline to investigate the materials distribution of 3D
phononic crystals based on the fixed-grid finite element method (FEM)
and evolutionary procedure. The aforementioned optimization methods
can effectively design phononic crystals to attenuate wave propagation
with reasonable materials configuration, however, the density-based
approach inevitably introduces grey elements which sometimes cause
significant alternations and deviations on the performance and response
of the body-fitted designs postprocessed from the optimized layouts
with grey elements. Overcoming this side effect is pretty challenging
and difficult.
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Many relevant researches with local resonators exist. Local res-
onator, taking advantage of resonant behavior in each unit cham-
ber, shows promising performance in manipulating elastic waves with
low-frequency excitation. Shui et al. introduced an equivalent stiff-
ness technique to design mechanical vibration absorbers with tunable
piecewise-linear stiffness, which can realize a large optimum vibration-
absorption range and a wide suppression band in [22]. Pai et al.
presented a metamaterial beam consisting of a uniform isotropic beam
and mass–spring-damping vibration absorbers for broadband absorp-
tion of transverse elastics wave, which reveals the working mechanism
of the absorber in [23]. In [24], Cai et al. proposed a metamaterial
beam with embedded quasi-zero-stiffness resonators for suppressing
flexural wave propagation in low-frequency band gaps, both the nu-
merical analysis and experiment demonstrate the effectiveness of the
present metamaterial beam in the application for wave attenuation.
In [25], Xu et al. designed a honeycomb hierarchical lattice with
embedded rubber-coated resonators for wave attenuation at subwave-
length scales in two separate frequency regions, the experimental result
shows a good agreement with the numerical analysis. Based on Hamil-
ton’s principle and the energy averaging method, Jin et al. constructed
an analytical model to design a multifunctional metastructure for sup-
pressing mechanical vibration by combining a honeycomb sandwich
structure and a locally resonant metastructure in [26]. Wang et al.
theoretically and numerically investigated the flexural wave attenua-
tion in an Euler–Bernoulli beam with lateral local resonators, which
reveals that the lateral local resonators can smooth and lower the
response peaks at the sacrifice of the band gap effect in [27]. Miranda
et al. analytically, numerically, and experimentally studied flexural
wave propagation in an elastic metamaterial thick plate with periodic
arrays of spring–mass resonators and further investigated the effect on
the formation of Bragg-type and locally resonant band gaps in [28].
Casalotti et al. studied an Euler–Bernoulli beam with a distributed array
of nonlinear spring–mass vibration absorbers in [29]. Banerjee et al.
proposed a graded metamaterial beam for attenuating flexural wave
propagation, which achieved a wider band gap without increasing the
mass of resonators in [30]. In [31], Zhang et al. proposed a rose-
shaped mechanical metamaterial by shape morphing method. Dudek
et al. presented innovative microscopic 2D and 3D functionally-graded
mechanical metamaterials capable of exhibiting a broad range of Pois-
son’s ratio depending on composition in [32]. The local resonance
metamaterial is of extraordinary capability in low-frequency elastic
wave manipulation, nevertheless, widening the broad band gap for
elastic wave attenuation in a beam structure still remains a challenge,
which limits the flexibility and robustness in industry applications.

In recent years, a few researchers attempted to design metamaterial
beams by taking advantage of destructive interference (DI), which is
also a promising and effective method to analytically design metama-
terial and phononic crystal with a broad band gap for controlling elastic
wave propagation. In [33], Xu et al. proposed a coupled phononic crys-
tal plate with a broadband gap to suppress elastic wave transmission by
taking advantage of destructive interference, the proposed system can
online adjust the frequency range of wave attenuation by modifying
the shunt circuits. In [34], Fu et al. designed a new metamaterial
plate with acoustic black hole structures and destructive interference
structures, which can not only suppress mechanical vibration but also
can be used for noise reduction. In [35], based on Euler–Bernoulli beam
theory, Yoon et al. presented triangular shape mechanical metamaterial
absorbers to attenuate bending wave propagation, both the numeri-
cal analysis and experimental result demonstrate the performance on
wave attenuation. However, based on destructive interference theory
in [36–39], it is known that the control of the mechanical vibration
within a low-frequency range is challenging due to the limitation
of the size of the phononic crystal. The inadequate investigation of
mechanical metamaterial absorbers with destructive interference urges
this work which is the first attempt to design a metamaterial beam with
2

two-dimensional multilayer phononic crystals.
To effectively design mechanical metamaterial absorbers with a
broad band gap to attenuate the flexural wave propagation in a beam
structure, this study presents a composite sandwich-based functionally gra-
dient phononic crystal with the mechanism of destructive interference for
absorbing mechanical vibration. The wave dispersion characteristic of
a multilayer Euler–Bernoulli beam and the derived flexural wave prop-
agation theory in the composite sandwich beam are first investigated.
Subsequently, 2D triangular shape units are designed and functionally
graded phononic crystals are assembled for suppressing mechanical
vibration in a broad band gap. Finally, numerical experiments are
conducted to demonstrate the effectiveness of the presented composite
sandwich-based vibration absorber to attenuate flexural wave propaga-
tion in the low-frequency range. The main contributions of this paper
can be summarized as follows:

1. A novel and improved mechanical vibration absorber for atten-
uating flexural wave propagation in the metamaterial beam is
introduced. To the best of our knowledge, it is the first attempt
to control flexural wave propagation in a beam using composite
sandwich-based phononic crystal.

2. Compared with single phase-based phononic crystal for sup-
pressing mechanical vibration, the size of the proposed compos-
ite sandwich-based phononic crystal can be smaller when the
frequencies of elastic waves of interest are same.

3. The presented composite sandwich-based phononic crystal
demonstrates comparable performance in absorbing flexural
waves to that of a single material-based absorber, both at lower
and higher frequencies.

The rest of this paper is organized as follows: Section 2 introduces
the theory of flexural wave propagation in metamaterial beam and the
basic rules of phononic crystal design. Then the numerical experiments
are conducted to demonstrate the effectiveness and advancement of the
proposed composite sandwich phononic crystal structure in Section 3.
Finally, the conclusion and future work are presented in Section 4.

2. Phononic crystal with destructive interference

In this section, we first take the theory of the Euler–Bernoulli beam
as an example to establish the mathematical model for describing the
flexural wave propagation in composite sandwich beam, and then the
triangular shape phononic crystal is presented to attenuate the flexural
wave propagation with the mechanism of destructive interference.

2.1. Flexural wave in multi-materials beam

The governing equation of the flexural wave propagation in a
metamaterial beam can be formulated as follows:
𝜕4𝛹
𝜕𝑥4

+ 𝑀
𝐷

𝜕2𝛹
𝜕𝑡2

= 0 (1)

where the bending displacement of the beam is denoted by 𝛹 . The
mass of the section is denoted by M = ∑

𝑖 𝜌𝑖𝐴𝑖. The mass density and
the cross-sectional area and the bending stiffness are denoted by 𝜌,
A, and D = ∑

𝑖𝐸𝑖𝐼𝑖, respectively. Young’s modulus and the moment of
nertia are denoted by E and I, respectively. The speed of the flexural
ave propagating in a metamaterial beam can be formulated as Eq. (2),
here 𝜔 is the angular frequency, and the subscript i denotes the total
embers in a section where the number of the cross sections is 𝑛.

=
(
∑
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y using the relationship between the wave speed c and frequency f,
he flexural wavelength of a beam structure with composite material
s formulated as Eq. (3). Fig. 1 shows the schema of a multilayer
tructure of a section, which is constructed by three members.
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Fig. 1. An example of destructive interference of a multilayer-based phononic crystal.
Fig. 2. An example of flexural wave propagation in a beam structure. (a) The relationship between the material distribution and wavelength and (b) the geometric shape of a
beam structure and its boundary condition (𝐸𝐴𝑙=70 GPa, 𝜌𝐴𝑙=2700 kg/m3, 𝜈𝐴𝑙=0.33, 𝐸𝑊 =411 GPa, 𝜌𝑊 =14,300 kg/m3, 𝜈𝑊 =0.28, 𝑓 𝑡𝑎𝑟𝑔𝑒𝑡=3600 Hz) and the structure responses
of a beam with different material layouts, where Al and W indicate Aluminum and Tungsten, respectively.
It can be found that the bending wave propagation is similar to
acoustic and electromagnetic to some degree. The wavelength of the
flexural wave is related to the physical properties of the medium such
as Young’s modulus and density. The difference lies in the wavelength
of the bending wave depending on the source frequency of excitation
that is called the wave dispersion phenomenon. In other words, the
wavelength of flexural wave propagating in a beam can be changed as
the material property changes. As we know that the size of the phononic
crystal can be reduced if the wavelength of the flexural wave can be
further decreased [35], which inspires us to further study the physical
characteristic of the flexural wave propagation in a metamaterial beam
in this research. The details for deriving the governing equation of the
flexural wave propagation in multi-materials beam can be found in the
appendix. For wave separation mechanism in geometry conjunction,
interested readers can refer to the Refs. [40–42].

From the theory, an imminent idea to decrease the wavelength may
be reducing the bending stiffness of the cross-section and increasing the
mass property of the section, however, as for a given section, the mass
M and bending stiffness D become constants when using single material
or layer, which intrigue this paper studying the physical characteristic
of flexural wave propagation in a composite sandwich beam. Therefore,
this paper limits the usage of materials to two kinds of material,
i.e., aluminum and tungsten, in order to illustrate the advancement of
the multilayer metabeam. To quantitatively measure the wavelength
3

of the composite sandwich beam with various material configurations,
the response of a composite beam structure with a total thickness of
0.5 mm under the excitation of 3600 Hz source frequency is recorded
in subplot (a) in Fig. 2, which exploits the relationship between the
thickness of aluminum and tungsten, where layout 1 means both the
layer 1 and 3 are made of tungsten and layer 2 is made of aluminum.
The opposite material distribution is layout 2. The green and red * show
the wavelengths of the structures with pure aluminum and tungsten,
respectively. To intuitively display the wavelength difference of various
material layouts in a composite beam structure, the subplot (b) in
Fig. 2 shows an example of the bending wave. It can be clearly found
that the wavelength of layout 1 is the longest among the structure
responses, and the wavelength of the layout 2-based beam is shorter
than one material-based beam structure. Numerical analysis indicates
that the presented composite sandwich beam structures show promising
performance in manipulating the wavelength of a flexural wave under
transverse vibration. By arranging the layout of the two materials, the
wavelength can be reduced by approximately 20% compared with con-
ventional single material beam structure, and it can also be increased
by 10% on average.

2.2. Phononic crystal designing

Destructive interference is a common phenomenon in nature, which
refers to a type of interference in which two interfering waves have
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Fig. 3. A beam structure with phononic crystal.
Fig. 4. Neutral axes of phononic crystal for attenuating flexural wave propagation
under excitation with 19,200 Hz.

a displacement in opposite directions. It occurs when waves come
together so that they can cancel each other out. In other words, the
amplitude of the resultant wave will be decreased due to destructive
interference. Inspired by the mechanism of destructive interference,
the advantage can be further applied to attenuate the flexural wave
propagation with the present composited structure in Fig. 1.

To design an effective mechanical vibration absorber with destruc-
tive interference, a triangular shape-based phononic crystal is consid-
ered to attenuate the flexural wave propagation. A phononic crystal
with destructive interference is presented in Fig. 1. The black line is
the short path of the triangular shape that is denoted by 𝑙1, while the
long path depicted by a red line is denoted by 𝑙2. The flexural wave will
separate into two branches of a wave at the bifurcating node and prop-
agate forward along the paths. Due to the length difference between the
long and short paths, the phenomenon of destructive interference will
occur and suppress the propagation of the bending or transverse wave
at the conjunction node. To realize the destructive interference for
manipulating the bending wave propagation in a composite sandwich
beam, the short path 𝑙1 and long path 𝑙2 can be determined by the
following rules:

𝛿 = 𝑙2 − 𝑙1 = (𝑛 + 1
2
)𝜆, (𝑛 = 0, 1, 2,⋯) (4)

where 𝛿 denotes the length difference. It can be observed that the length
difference between the long and short paths is related to wavelength.
4

Fig. 3 shows an example of a beam structure with a phononic
crystal for attenuating the flexural wave propagation under transverse
vibration at 19,200 Hz. The value, 19,200 Hz, is not a threshold value.
The finite element model without a damping is employed to show the
validation (Eqs. (4) and (5)) for the destructive interference. However,
in a real engineering structure with damping, the vibration at that
high frequency is suppressed by damping. The subplot (a) in Fig. 3
gives the geometric shape of the beam structure and its boundary
condition, where the short and long paths of the phononic crystal
are set to 0.08 m and 0.0992 m, respectively. The total thickness of
the beam structure is 0.005 m, in which the layer 1 and layer 3 are
aluminum sheets whose thicknesses are 0.0015 m, and the layer 2 is
Tungsten. The subplot (b) in Fig. 3 showing the structural response
of the phononic structure shows that the presented composite sand-
wich phononic crystal can effectively suppress the flexural wave at
19,200 Hz. In addition, the present crystal structure can attenuate the
other flexural waves satisfying the Eq. (5). The subplots (c)–(e) in Fig. 3
show the structure responses under transverse vibration with source
frequencies of 6400 Hz, 2133 Hz, and 1280 Hz, respectively. Note that
the present phononic crystal can be used to attenuate flexural waves
with higher frequencies than 19,200 Hz by Eq. (4).

𝜆∗ = 𝑚𝜆, (m = 1, 2, 3,⋯ ) (5)

As illustrated in Fig. 2, it is possible to use different material
distributions to improve the performance. For an example, Fig. 4
shows the neutral axes of phononic crystal with different material
layouts for attenuating the flexural wave propagation. It can be found
that the size of the phononic crystal can be further reduced using
a sandwich composite beam rather than a single material. To show
this characteristic further, another example is considered in Fig. 5.
Fig. 5(a) shows one single layer (Type 1) and two composites (Types 2,
3) and Fig. 5(b) illustrate the structural response of the metamaterial
beams with the same size of the phononic crystal. Compared with the
single layer-based metastructure, the present composite metabeams can
effectively attenuate mechanical vibrations at various frequencies by
adjusting the thickness values of the layers and materials.

In addition, another example is considered to illustrate the benefit of
the present composite DI structure in Fig. 5. Fig. 5(a) shows the three
types of material layout. The layout 1 is a typical single layer-based
metabeam while the types 2 and 3 are multilayer-based metamaterial
beam structures. Fig. 5(b) shows the responses of the three phononic
crystals with the same size. The frequencies in Fig. 5(b) are computed
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Fig. 5. Phononic crystal with different material distribution for attenuating mechanical vibration.
Fig. 6. Schema of a rectangular phononic crystal.
by setting 1 for m. In our simulations, the significant decreases in the
responses can be observed. However, the reduction of the magnitude
cannot be estimated prior to the finite element simulation. By investi-
gating these results, it turns out that the present composite structure,
i.e., Type 2, is effective at a lower frequency, which is attractive from
the point of view of industrial application.

From the engineering point of view, the working frequency of
industrial products lies in a range rather than a specific frequency, thus,
the structure should be of the capacity to attenuate the elastic wave
propagation in a broadband gap. Therefore, a rectangular framework
with four triangular phononic crystals which can suppress mechanical
vibration is proposed in Fig. 6. By alternating the distances, the four
types of Type 2 are presented.

3. Experiments and validation

This subsection shows the response of the structure with/without
phononic crystals under harmonic force excitation, and acceleration
of the structure is used as the indicator to verify the effect of the
phononic crystal for suppressing the mechanical vibration of the mul-
tilayer metamaterial beam structure. If not otherwise specified, the
material distribution in the cross section of all the examples are same
with the type 2 cross section shown in Section 2, and all the numerical
simulations are carried out in COMSOL Multiphysics.
5

3.1. Example 1

To illustrate the effectiveness of the phononic crystal for manipulat-
ing the bending wave propagation, the four typical phononic structures
are constructed, of which the structure patterns are presented in Fig. 7,
and the specific parameters for phononic crystal are given. Fig. 8
shows the boundary conditions of the structures, subplots (a) and (b)
show the structures without phononic crystals which are introduced
for comparison, the material distribution in cross section of structure
2 is aluminum. A unit force in both 𝑥 and 𝑦 axes is applied and the
acceleration at the right side of the structure is measured.

The structure responses under various excitations are shown in
Fig. 9, it can be observed that the structures without phononic crystal
vibrate more violent than the designed phononic crystal structure,
especially in the designed bandgaps, which shows that the designed
phononic crystal is of good performance on suppressing the mechanical
vibration of the structure. In addition, the designed phononic crystal
can create the bandgap to attenuate the flexural wave propagation and
it can be clearly found that the acceleration of the right of the structure
in the designed bandgap is smaller than other source frequencies.

To further validate the advancement of the designed phononic
crystal structure, we measure the acceleration of both the upper and
bottom lines of the structure under point load excitation with a certain
source frequency, 1000 Hz, the structure configurations are given in
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Fig. 7. Geometry of four different cell types of the composite sandwich phononic crystal (b) the details of the geometric parameters. (n = 0 and m = 15).
Fig. 8. Boundary conditions of the structures, (a) Structure 1 without PnCs, (b) Structure 2 without PnCs, (c) Structure with PnCs.
Fig. 9. Structure response under various source frequencies.

Fig. 10. Fig. 10(b) shows the structure response under the excitation
with 1000 Hz transverse force. Intuitively, the structure with phononic
crystal can effectively control the flexural wave propagation when
compared with the structure without phononic crystal, with the help
of the phononic crystal, the bending wave is effectively attenuated
at the first unit cell while the bending wave directly propagates in
the structure without phononic crystal. To quantitatively measure the
effect of the phononic crystal on suppressing the structure vibration,
40 points on both the upper and bottom lines of the structure are used
to measure the acceleration of the structure, and Fig. 10(c) shows the
acceleration of the upper and bottom lines of the structures, it can be
found that the structure with phononic crystal can suppress the flexural
6

wave propagation as the acceleration of the structure is of a downward
trend when the measurement point far away from the load point.

As we emphasize that the present composite sandwich phononic
crystal can attenuate wave propagation under the excitation with both
the lower and higher source frequencies than single-phase phononic
crystal, we adopt the structure shown in Fig. 8(b) as the object and ap-
ply different material configurations to demonstrate the advancement
of the proposed composite sandwich phononic crystal. Fig. 11 shows
the structure response under the excitation of the source frequency lies
in the range between 0 Hz and 3000 Hz, we can find that bandgap of
the single material-based phononic crystal lies in the range of 750 Hz
and 2450 Hz, and the bandgap of type 1 based phononic crystal lies in
the range of 500 Hz and 1700 Hz, and the bandgap of type 2 based
phononic crystal lies in the range of 800 Hz and 2700 Hz. It can
be concluded that the proposed composite sandwich-based phononic
crystal can realize attenuation of the mechanical vibration under the
excitation with a lower source frequency, which demonstrates the
advancement of the presented composite metabeam method.

3.2. Example 2

Another L-shape structure is introduced to illustrate the effective-
ness of the composite sandwich phononic crystal for attenuating the
flexural wave propagation in a beam-like structure, which is shown
in the first row of Fig. 12. Similar to example 1, we first verify the
performance under excitation with a range of source frequency, the
second row of Fig. 12 shows the average acceleration of the structure
of the bottom line, we can find that the response of the structure with
phononic crystal is smaller when the source frequency lies in the range
of bandgap, which indicates that the proposed composite sandwich
phononic crystal can effectively manipulate the wave propagation at
the designed frequency range.

Fig. 13 shows the structure response under source excitation with
a frequency of 1000 Hz. Fig. 13(a) presents the measuring lines for the
evaluation, and Fig. 13(b) presents the structure deformations under
the excitation. It can be observed that the structure without phononic
crystal vibrates heavily and the phononic crystals can effectively at-
tenuate the mechanical vibration. Fig. 13(c) and (d) quantitatively
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Fig. 10. Structure deformation and acceleration at 1000 Hz.
Fig. 11. Structure response with different material configuration(Type 1: Pure Tungsten, Type 2:Layer 1 and Layer 3 for Aluminum with 0.0015 m, respectively; Type 3: Layer 1
and Layer 3 for Tungsten with 0.0015 m, respectively).
show the structure responses along the upper and right lines, which
indicate that flexural wave is greatly attenuated in both the upper and
right beams of the structure when using phononic crystal. Similarly,
Fig. 14 indicates that the present phononic crystals are of good ability
to suppress mechanical vibration under the excitation of a low source
frequency. Overall, we can make a conclusion that the phononic crystal
can effectively absorb mechanical vibration.
7

3.3. Example 3

We extend the study of example 1 to a rectangular structure by
repetitively arranging phononic crystals, which is shown in the first
row of Fig. 15, similarly, the presented phononic crystals are of
capacity to suppress mechanical vibration in a broadband gap which
can be found in the second row of Fig. 15. The first row of Fig. 16
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Fig. 12. Structure response under various source frequencies.
shows the structure response under 1000 Hz source frequency, and we
can find that the vibration of both the bottom and right lines of the
structure is controlled. In addition, Fig. 17 shows the bandgap of the
structure with different material settings, we can find that the proposed
metamaterial can attenuate the flexural wave propagation in a lower
source frequency. Overall, it can be concluded that the introduction of
phononic crystals can manipulate the flexural wave propagation in a
beam structure, it is of good performance in attenuating mechanical
vibration.

4. Conclusion and future work

This paper presents a novel multi-layer metamaterial beam for
mechanical vibration suppression by taking advantage of destructive
interference, which can effectively attenuate flexural wave propagation
in a broad band gap through repetitively arranging gradient index
phononic crystal. First, the physical characteristic of the multi-layer
metamaterial beam is derived and demonstrated, and then the triangu-
lar shape phononic crystal with a mechanism of destructive interference
is presented to attenuate the flexural wave propagation. Additionally,
a two-dimensional gradient index phononic crystal set is designed for
elastic wave manipulation in a broad band gap. Finally, numerical
examples are further conducted to illustrate the effectiveness of the pro-
posed multi-layer metamaterial for suppressing mechanical vibration in
a beam structure.

The proposed multi-layer phononic crystal for flexural wave at-
tenuation can be widely used in the design of the key components
for mechanical products and building construction, which can greatly
suppress the mechanical vibration in a broad range by reasonably
8

designing the phononic crystal. In further work, the advancement of
the multi-layer metamaterial can be applied to the plate structure and
multiphysics coupling problems.
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Fig. 13. Structure deformation and acceleration at 1000 Hz.
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Fig. 14. Structure response with different material configuration(Type 1: Pure Tungsten with a thickness of 5 mm, Type 2:Layer 1 and Layer 3 for Aluminum with a thickness of
1.5 mm, respectively, Type 3: Layer 1 and Layer 3 are Tungsten with a thickness of 1.5 mm, respectively).

Fig. 15. Structure response under various source frequencies.
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Fig. 16. Structure deformation and acceleration at 1000 Hz.
Appendix

Apply the second Newton law in the vertical direction of the small
element, then we can get

𝜏(𝑥, 𝑡) − 𝜏(𝑥, 𝑡) −
𝜕𝜏(𝑥, 𝑡)
𝜕𝑥

𝑑𝑥 =
∑

𝑖
𝜌𝑖𝐴𝑖

𝜕2𝛹 (𝑥, 𝑡)
𝜕𝑡2

𝑑𝑥 (6)

The moment of force of the small element should be in equilibrium,
and we can get

𝑀(𝑥, 𝑡) −𝑀(𝑥, 𝑡) −
𝜕𝑀(𝑥, 𝑡)

𝑑𝑥 +
(

𝜏(𝑥, 𝑡) +
𝜕𝜏(𝑥, 𝑡)

𝑑𝑥
)

𝑑𝑥 = 0 (7)
11

𝜕𝑥 𝜕𝑥
As 𝑑𝑥 times 𝑑𝑥 is infinitesimal, then Eq. (7) can be rewritten as

𝜏(𝑥, 𝑡) =
𝜕𝑀(𝑥, 𝑡)

𝜕𝑥
(8)

Please note that 𝑀(𝑥, 𝑡) =
∑

𝑖 𝐸𝑖𝐼 𝑖
𝜕2𝛹 (𝑥,𝑡)

𝜕𝑥2
. Finally, by substituting

Eq. (8) into Eq. (6), we can obtain the governing equation of the
multi-material Euler–Bernoulli beam.

𝜕4𝛹 (𝑥, 𝑡)
+

∑

𝑖 𝜌𝑖𝐴𝑖
∑

𝜕2𝛹 (𝑥, 𝑡)
= 0 (9)
𝜕𝑥4 𝑖 𝐸𝑖𝐼 𝑖 𝜕𝑡2
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Fig. 17. Structure response with different material configuration(Type 1: Pure Tungsten; Type 2: Layer 1 and Layer 3 for Aluminum with 0.0015 m, respectively; Type 3: Layer
1 and Layer 3 for Tungsten with 0.0015 m, respectively).
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